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= T (n − i) + (n − i) + (n − i + 1) + . . . + (n − 2) + (n − 1)

= . . .

= T (1) + 1 + 2 + . . . + (n − 2) + (n − 1)

= 0 + 1 + 2 + . . . + (n − 2) + (n − 1)

=
n−1
∑

i=0

i

=
n(n − 1)
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¥�z{rvu6p?z{�¹y�pG�orv¡�n+���¬y+tvn+z{��epsu�t�y��6nq��w.rvxoy+rk��nqx�~su6����nqtkp?�{rvnqxs�¹u�� �M��z{r¢¡?r�y�tku�|2tku���~ou�p?Ù �.y�z��{rvu6����nqx��¹~s¥I7�ºµ��z{rv¥6u��Mu��M~oy+xs�MtkuRw
nqxn+z{~?z{u���i
j+j



! xE¡�u�z�z�yM�.tvps�0u�xµ~s¥���y+rktv��|2²³xsxsu�Ù?u × ~spµ��y�x psu�t?��p?z0tvu6�	¥4�epoy��{rvnqxs�	~ou¬z{¥��6p?z�z{u�xs�6u"�¿tvu6�'tvrku�xs�'u6x?£��z{u�tku�� ��n u����6rvu6x��{�'u��0�2y����{u�p?z{� y��s�.y�z�y+rv���{y+x�� ~.y�xo�0tvu6�0¥6�epoy��{rvnqxs�0~ou z{¥��6p?z�z{u�xo��u�u�� tky³�2y/.�nqx�~snqx�� t�y� ��z�y��{¥6¦+rku ~sr¢¡?rk��u�z�£¤�
nqp?z�£¤z{¥6¦qxsu�z	u�� ��y��s�otkr���po¥�u¹|2��n��?�{�¿~su tky�~s¥6��nq���
nq��r¢�{rknqx�u�x���nqps� £¤�sz{n+wot(����u6�6,"z{¥���n+£tkp?�{rknqx¶z{¥6��p?z{��rv¡�u ~ou��'��nqps� £¤�oz{n�w.t��6��u6�6,e��n��?�{�'~su�t�y³��nq�Eworkxoy+rv��nqx#""��nq���
nq��rv�{rvnqx�~su��0��nqps� £���nqtvp?�{rknqxs����i
>8?�� ��G 
 CEP�F:WXV%Y H¯T'H�� W|PQN%1�1�HsM -�CED'P�GIN�Y D%G:WXF -LGIFAU�N]WXFICEM T'H¢Y N
WXP�FAU�H 1

� � ��y+tv¦qn+z{r¢�{�o��u³� ��y+xs~oy�z{~}�
nqp?z tky¶�¶pst¢�{rv�otkrv�4y��{rvnqxK~su¹��y���z{rk��u�� u�� � ~ou¹��nq���otku�Ù?rv�{¥
Θ(n3)

|[�{nqps�¬tvu6��4y+����,+tky¹�Epot¢�{rv�otkrv�4y"�{rknqx¶xoy��2¡�u ~ou¬~su�p?Ù���y���z{rv�6u��	��� u)�
u����{poy+x��'ºMt¤��y�rk~su¬~su ��z{nqrk�=w
nqps��tku��	rk��woz{rk�eps¥6u��0�
©/a�_�r:m��z�ph�a�n�w �~�z�{h/a�n/v ¤
c�r:mQw��-v}�i�
©/a6_ r;�}���{h/a�n/v ¤
c�r:mQw��-v}�`� �xr:mQw ��v�t �²r;��w��-v¨

¨
��nqp?�{u��[nqrv�6,e´���z�y+����u�xG| j �q¸����¿yM��nqxQ.�p¶psxµy+tk¦+n+z{rv�{�s��u �epsr ,¶�����+�'$
� �+�2­'��«o�������.� ,��
u�p?�	�2y+r¢z{u¬��rku�p?Ù
i�	y�� ��z�y��{¥�¦qrku�p?�{rktkrv��¥6u��.y�z�´���z�y+����u�x |[�¿i�¸q¼8~sp·��y+xepsu6t���u�� �}w.y+��¥�u&��p?zKt¤� rk~s¥�uÒ��por¢¡qy�xe�{ui�Ít�y�¶pstv�{rv�otvrk�6y��{rknqx ~su ��y���z{rk��u6�µ~su}��y+rktvtku

2 × 2
��u�p?����u �[y+rvz{u º&t2��y+rv~ou ~suK��u��s��| ¼q���Epot¢�{rv�otkrv�4y"�{rknqxs�u��9j6± y+~s~or¢�{rknqxs�)""��n+po� ��z�y����{rvnqxs���.tvp?�'&+�Ò�ep���º;t2��y+rv~su�~su��epsrv�$|�±��}�¶pst¢�{rv�otkrv�4y��{rvnqxs�Òu��Ò�epoy���z{u·|2©e�y+~s~or¢�{rknqxs�)""��n+po� ��z�y����{rvnqxs��i²³rkxs��r ,s��nqrv�Mtku��M��y���z{rv�6u��

A
,
B

u��
C

~suÁ��y+rktvtku
2 × 2

~s¥)�oxsrku��M��nq����u���por¢�4�
[

c11 c12

c21 c22

]

=

[

a11 a12

a21 a22

]

×

[

b11 b12

b21 b22

]

´e��z�y�����u6x�y³��nqx���z{¥���pou tkyÁ��y���z{rk��u
C
�
u�ps�]5���z{u n+ws�{u�x psu ~su�t�y¹�2y/.�nqxµ��por¢¡qy�xe�{u+i ´enqr¢�0tku��	¡qy+tvu6p?z{�

mi

|
i = 1, . . . , 7

�¬~s¥)�oxsrku��M��nq����u���por¢�4�
m1 = (a11 + a22)(b11 + b22)

m2 = (a21 + a22)b11

m3 = a11(b12 − b22)

m4 = a22(b21 − b11)

m5 = (a11 + a12)b22

m6 = (a21 − a11)(b11 + b12)

m7 = (a12 − a22)(b21 + b22)

�	y���y���z{rk��u
C

�
u�p?�¹y+tkn+z{��5���z{uR~s¥)�oxsrkuR��nq����u���psrv�4�

C =

[

m1 + m4 − m5 + m7 m3 + m5

m2 + m4 m1 + m3 − m2 + m6

]

� � y+p?��z{u�rk~s¥6uErv���
n+z���y+x��{uE~suEt2��y+tv¦qn+z{r¢�{�o��u¶~suµ´e��z�y�����u6xÒu6� �³�epsuE��u����{u�� ��z�y��{¥6¦+rku�~su�z{¥4y�z�z�y�xo¦+u�£��u6x�� ~su��Kn+�
¥�z�y��{rknqxs� y"z{rv�{�s��¥��{r��epsu��}�
u�p?�Gy�po����r'5���z{u&p?�{rktvrk��¥�ub,R�«#�®�« ����­ ���������.� ,��
nqp?z ~su��K��n+po� £��y���z{rk��u��4�
[

C11 C12

C21 C22

]

=

[

A11 A12

A21 A22

]

×

[

B11 B12

B21 B22

]

•
l.y+rv�E�=�	y��¶pstv�{rv�otvrk�6y��{rknqxEu�� �	psxsu n+�
¥�z�y��{rkn+x��otkps����n��?�{u6ps��u¬�ep�� poxsu¬y�~o~sr¢�{rknqx�nqpE��nqps� ��z�y+���{rkn+x�,u��M��uEy�ps��y�xe���
nqp?zMtku��Mxsnq�Ewsz{u��Mu�xe�{rvu�z{��nqpGz{¥�u6tv�M�epsuR�
nqp?zMtvu6����y���z{rk��u���i

j6h



•
¾¬n+z{nqtvt�y+r¢z{u}��rkt¹u�� �Gy6¡+y+x���y+¦qu�psÙ ~suÍ��rkxsrk��rv��u�z-,³y+p?��y+x��G��p¿� rkt³u�� �K�
nq����rvwotvuÍ~suÍtvu&�2y+r¢z{ub,Mtvuxsnq�Ewsz{u�~su��Epot¢�{rv�otkrv�4y"�{rknqxs��i

� � xsu�~su�����z{r¢�o�{rvnqx�rvxs�[n+z{��u�tktvu�~su�t¤� y+tk¦qn�z{rv�{�s��u�~suK´���z�y+����u�xÍ�
nqp?z�t�yK�¶pstv�{r¢�.tvrk�6y��{rkn+x8~ou���y"��z{rk��u6���u�z�y+r¢�Á~snqxs�¶�{u�tktvuµ��pouE�sz{¥6��u�x��{¥6u¶º}t¤� y+tk¦qn�z{rv�{�s��u�¨&|2tvu6�¹��nq����u6�³u��³~sr��
¥�z{u�xs�6u��¹~ou¶��y���z{rv�6u��¹¥���y+x����rk���otku���u�x��¹z{u��sz{¥6��u�x��{¥6u��¹ºµt¤��y�rk~su�~su6��n+�
¥�z�y��{u�p?z{��workxoy+rvz{u��Mps��psu�tk����i
ke�b�e�-�`�����`�}^`_ba-f-g|m2h � he_���l`l-d�n�o¥qxw #²�����-h-_�meced�w n
�4���-h�y¶�4���6he_�meced� k`�e�/���6�`�������-�6�� � �6�e�xo �"�e�����`��n"�i�/�2��y
�e��#!�/�
�i���ªn�d �����-he_�m-cedxr+nsw;n/v� �{n"�`���{q`���6� �
��rA�|w«��v"���pqsrA�Xw«�«vzt #²rA�|w«��v� ���b�6�
°`°��
7��/2��)* 23-10 	.032.4 +,7��=<�+�-10)91' �=< *�+&2��1;�
���'
o�q

11
w³q

12
w³q

21
w³q

22
y������ 7��32��=* 23-&'.+ ;�: �
:�	�+10!��' q '=4�� - 2.< -
� ��: 	�+10!�/'.-"� '�	=:&01;�;�'�n�°e�

o'#
11
w #

12
w #

21
w #

22
y������ 7��32��=* 23-&'.+ ;�: �
:�	�+10!��'%# '=4�� - 2.< -
� ��: 	�+10!�/'.-"� '�	=:&01;�;�'�n�°e�

°`°�� *�*#'�;�-8+,7!�=< +�-10��1-
�
1
���ª^�_ba6f-g|m�h � he_��/l`l6d�n�o�q

11
�eq

22
w-#

11
��#

22
w�n�°-��y

�
2
���ª^�_ba6f-g|m�h � he_��/l`l6d�n�o�q

21
�eq

22
w-#

11
w¦n�°e��y

	�	�	
�
7
���ª^�_ba6f-g|m�h � he_��/l`l6d�n�o�q

12
�2q

22
w-#

21
��#

22
w�n�°-��y

°`°	�32���� 0�4,:&0=-&2=4 � '.- -&2
;�<�	.032.4 - :.</(8-&2.< -���*�+&2��1;�
���'.-
�
11
���p�

1
�-�

4
���

5
�6�

7�
12
���p�

3
�-�

5�
21
���p�

2
�-�

4�
22
���p�

1
�-�

3
���

2
�6�

6�i���"�32��=* 23-&'.+ ;)'.- -&2.<�-
� �
: 	 +10!��'.- �
11
w 	�	�	6w �

22

� ����`�`�/�����`�e�`�xo���y
� �2�

Ã Ô[d.a�^�Y�Ê"Ñ
´8]�
�µ ²³tv¦qn+z{rv�{�s��uR~suµ´���z�y+����u�x9|2~su�����z{r¢�o�{rvnqx�rvxo��n+z{��u�tktvu��

� ²³xoy+t��?��uÍ~su8tky$��nq���otku�Ù?rv�{¥&~ouÍt¤� y+tk¦+n+z{rv�{�s��uÍ~su9´���z�y+����u�xx,³u6x p?�{rktvrk�{y+x��Gtky$�¶pstv�{r¢�.tvrk�6y��{rkn+x:~suxon+�Ewsz{u6�M��nq����u�n+�
¥�z�y��{rkn+xGw.y�z{n+��¥���z{rk�epsu �
• T (n) = 7T (n

2
)
,o�
nqp?z

n > 1
,o��r

n
u�� �¹psxsuR�opsrk���{y�xo��uE~su

2
i

• T (1) = 1
i

´ n+tkp?�{rknqx�|2���Ais²³xoxsu�Ù?u × ~sp���y+xepou�t¿��p?z¹tku��M¥6�epoy��{rvnqxs��~ouRz{¥���psz�z{u�xs�6u"� �
T (n) ∈ Θ(nlg 7) = Θ(n2.81)

9 n+�{uª�Áu6x8�[y+rv�-,¿nqx8n�wo�{rvu6x���tvu�� 56��u�z{¥���pstv��y���y+�*�?���s�{n+�{rk�epsu���r'nqx8p?�{rktvrk��u��otvps�'&���tku��Rn+�
¥�z�y��{rknqxs�y�z{rv�{�s��¥��{r��epsu���~¿� y+~s~srv�{rkn+x;u�����nqps� ��z�y+���{rvnqx �6nq����uGn+�
¥�z�y��{rvnqxs��¥�tk¥���u�xe��y�rvz{u���i � y�xo���6u �6y+�6,¬tvu6�¥4�epoy��{rvnqxs�M~suÁz{¥6��p?z�z{u6xs��u���nqx����.tvp?�'&+�MtkuR��psrv¡+y+x��{u6���
• T (n) = 7T (n

2
) + 18(n

2
)2
,s�
nqp?z

n > 1
,o��r

n
u�� �MpsxouR�opsrk���{y�xo��u�~su

2
i

• T (1) = 0
i

>8?�� ��P¶F�WQV%Y ��WXFA[ D'H 1�
�
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´ u����{rknqxGnq��rv��uqi

j6�



>8?�� �~CEYZY HsM WiT �xWXH�P�YZFAM'H�P 
 [ D'H²G³Y�C0Y�H²M0W}U�H 1�1�HsP�G:H 1iN%-2-4HsG*1iP��sUxD'P�1|F*/ 1

� � y�xo� tky¶��rk��u³u6xKn u�ps¡ez{u³~srvz{u����{u³~ou³t�yE� ��z�y��{¥�¦qrku³~srv¡ rk��u�z�£¤��n+psz�£¤z{¥�¦qxsu�zMy6¡�u��¹z{¥6��p?z{��rv¡?r¢�{¥b, nqx ��u�����ut�y¹z{¥���psz{��rvnqxG|2t�y¹~s¥��6n+���
nq��rv�{rvnqxµu6x¶��nqps� £¤�sz{n+wot(����u�����tvn+z{�{�epsu tku¬�sz{n+wot��6��u�ºMz{¥���nqps~?z{u�u�� �	¡ z�y+rv��u6x����z{rv¡?rky+t ,s�q� u6� ��£ º�£�~sr¢z{uE�ep�� rkt¿xsuÁ��u�p?���otkps�M~spG�{nqp?� 5���z{uR~s¥6��nq���
nq��¥}|[� �e�.rk�epsu6��u6x��-,o~suÁ��y+rktvtku�j"��i
�p� y+xs�Át2��y�wo� ��z�y+r¢�-,�tku��³��p?z{�6n��s�{��|{���������?�����o��y+����n ��rk¥��Rº}t�y}¦qu�� �{rkn+xÍ~su6�Áy��s�
u�tk�³z{¥���psz{��rv�[��|[��y"zÁu�Ù
i�,y+tktvn �4y"�{rknqxKu�����n+�orku³~su6��y�z{¦qps��u�x��{� ��psz�tkyE�.rvtku"�0�
u�ps¡qu6x��85���z{u³rk¦+xon�z{¥6��i%! x}�oz�y"�{r��epsu/,?�6u�� ��p?z{��n��?�{���u�p?¡�u�xe�Á~su�¡�u�xsrvzÁ��rv¦qxsr��o�4y"�{rk�[�³u��Árvt��
u�ps�Á~su�¡�u�xor¢zÁ�otkps�³u ���6y+��ub,�º��.y�z��{r¢zR~�� psxsu¶�6u�z���y+rkxsuE��y+rktvtku¶~su�oz{n�w.t��6��ub,o~�� p?�{rktvrk��u�z¹psxsuEy"�o�sz{n ���suEy��*�?���s�{n+�{r���pou���u�x��M��nqrkxs�Mu����4y��6u/,s��y+rv�¹y6¡�u��RpoxG�6n u�����rku�x���.tvps���[y+rvwotvuÁy+p}xor¢¡�u6y+pK~su6�¬��p?z{�6n��?�{��i ��yE� ��z�y��{¥�¦qrku¹~srv¡?rv��u�z�£¤�
nqp?z�£¤z{¥�¦qxsu�z4���+��®Á����«?­;& |¤y6¡�u��³��nqp?�op?z{u��~ou�¡?rvu6x���y+tvn+z{�6,0u�x$¦+z{n+�6,0�6u�tktvu}rvtktkps� ��z{¥�u ºÒt2��y+tv¦qn+z{r¢�{�o��uG¸9|2u�x9��p?�s�
nq�{y+x���psxsuK~s¥��6n+���
nq��rv�{rvnqx¯��­��®��?�+� ����­ ��«o��,o�+� u�� ��£ º�£�~srvz{u�u�x�~su6p?Ù ��nqps� £¤�sz{n+wot(����u����%�
� a`­�g/h�m6a�n"_bd/l-a2g/fe_bd�%6f-^�_xo*k`_ba���­`d2®�d	^�y¤
m�©¢o�h��/m-­e­`d¶o ^Xy~�-���`q����e�e�,%6�����|y ¤
_bd-h6g�_en�o _bd�l-a�g/fe_/d�%��`­���a�%/l`m«®`^�­`d¶o ^|y�yQ§ °`° � a`­�g/hbm-a�n}n�a�n
��_���c2g`_�l`m�j/d¨ d`­/l6d ¤
k`_ba���­`d2®�d	^X�Xw¦^���§
o ^Q�|w¦^��by��~f/d`cea2®�^�a�l-d6_xo ^|yQ§� a`­2g/h�m-a�n l����	_bd�l-a�g/fe_/d�%-f-^�_�o ^Q�eyQ§ °`°�q-^`^�d`­�l�_��`c2g�_�l`m2©�l� a`­2g/h�m-a�n l6���	_bd�l-a�g/fe_/d�%-f-^�_�o ^��byQ§
_bd-h6g�_en�oªcea�®��|m�n�d�_xo ^sw³^Q�Xw¦^��/yiyX§¨

¨
Ã Ô�d.a�^+Y�Ê"Ñ
´8] Îxµ � r¢¡?rk��u�z�£¤�
nqp?z�£¤z{¥6¦+xou�z ~srk���sn+�{nq��rk�epsu;|2~su6p?Ù ��nqps� £¤�sz{n+wot(����u����}y6¡�u��&��u6psrkt¹�
nqp?z�{u�z{��rvxsu�zMt�yµz{¥��6p?z{��rvnqx

��uK���snqr¢Ù$~sp ��u�psrktR| � ���{��� �?�/&��o�EºÒ��y"z��{rvz�~spo�epsu6t t�yÒz{¥��6p?z{��rv¡ rv�{¥K~on+rv����uK�{u�z{��rvxou�z�~s¥��
u�xs~ ~suxon+�Ewsz{u6p?ÙG�2y����{u�p?z{���
•
�&rk��uRu6xGn u6p?¡ z{uÁu�Ùsy�����~su�t¤��y�tk¦qn+z{r¢�{�s��uqi

•
��y+xs¦�y+¦quRu�����nq���orktky��{u6p?zMps�{rvtkrv��¥6��i

•
�Íy+���orvxsu�u��³´.i !Mio��p?z¹tvu6�{�epsu�tk����� u�Ù?¥6��p?�{uRtkuR�sz{nq¦�z�y+����u+i

• � nqxsxs¥6u�����p?z¹tku��{�epsu�tktku��MtvuR�sz{nq¦�z�y+����u���� u�Ù?¥���ps�{u+i
! x�~¿� y+p?��z{u6�0��n+�{�6,et2��y+xoy+t��?��uR� �X#�����­'��«.��~su�t2��y+tv¦qn+z{rv�{�s��uL�
�M��«��;�Q$�&�« ��i ! x�~snqrv�0�otvps�'&�� ps�{rvtkrv��u�z~or¢¡�u�z{��u6�¶�{u����sxsr���pou��¶u��µnqp?�{rktv�¶�sz�y��{rk�epsu6�¶u��µu����orvz{rk�epsu6�6,'�.y�zµu�Ù?u����otku/,'nqx9�
nqp?z�z�y+r¢�µu�Ù?¥6��p?�{u�z¶tvu�oz{n+¦+z�y+����u³y6¡�u��M~sr��
¥�z{u�x��{u6� ~snqxsxs¥6u��¬u��¬��u���p?z{u�z¬��nqx��{u����o�¬~�� u�Ù?¥��6p?�{rvnqxx,enqp�worku�x}p?�{rvtkrk��u�z¬t¤� n+ps�{rvt

��������� |2��p?z � xsrvÙ ""��rvxepsÙo�Á�
nqp?zµ~s¥��{u�z{��rkxsu�z¶tvu6�¶�[nqxs���{rknqxs�Eu��¶�sz{n ��¥�~op?z{u��¶tku��E�otkps�¶��z{¥6�epsu6����u6x��y��s��u�tk¥�u��Mu��M~s¥��{u�z{��rvxsu�zMn
&G��nqx��¹tku����
nqrvx��{�M���.y�po~s�6,.u��{�+i
>8?
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