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G = (V, E)
*®|b{bsXk µ sX�bv;kpoOd;e���wfv�rt�(uÅvZoE� 1;�^e g1�=¶K-91;vfu8�JG�4J(:
l�G³"$G lE�Xl MK:
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lEG³" G³lE�Xl�-�o3q�}�vfuºqn{bvfq@, �(k����Z�fo�zE{bufufoB5;oJwZo
G
£�vZs+zE{bu�}pshoEu�}�}p{bvfq��Xo3q qn{brtr�oE}pq�wfo

G
1�qn{bvfq@, �(k����Z�fo£Åvfs o3q�}J��vZqnqns vfu���knmfkpoO*/�(k����Z�foyz3{bufufo45;oyqp�(ufqSzE¢;zE�ho�-?:B��wf{bu�}S�h��qn{(rtrtoOwfoEq���{bsXwZq�wfo3qS��k R }po3q o3q�}

lEG³" G³ln8���:�e
� uZo-qn{(�hv;}psh{buO|b{(k��(zEo�� {(vfk9zEo��fkp{(mZ�h¥Erto �(v;k��(sX}9�½� �(�h�Xv;kpo�wfvO�ZqnoEvfwZ{�, z3{�wfo-�fk(%3qnoEu�}(% ¦��/���(�X�b{(kpsX}p�frto-d 1{=<º�/� {bu�z��fo�kpz��fo

F
}poE�8£Åvfo

T = (V, F )
qn{bsX}�vfuº��knmfkpolwfoSkpoEz3{bv;|�kpoErtoEu�}�rtshufsXr��(�+��{bv;k

G = (V, E)*/wZ{(uZz
F ⊆ E

-�e

�



���������	��
��	�
���������������������	�	��������� �!�#"$�	�	�	�	��%��&�����('*)+"$�	�	�	�	��%��&�����-,.��/-"10��	�	�	�	���
23���������	�4"
2 �*����5�����6��������7�	�8%��	���	��%��&�����:9���6;%�����9���9����&6=<
2>)	�����&����6?"
2 )*@��A����5�����6����������
�	�8%��	�	�	�	%��&�����B6��	�����&�����-,C6��3���	�	�8��D��	6����#<
2 ��/8@��7�E��9&��F������G6	�!�	�&�76��	�����&�����
�H5	�I�������3��������@����#<
���	0�
�J

)
← K�LJ	M�N�J�O�
��7�QPSR K�L ��JQPT6��	�����&�����#�U)�'AV�M&W����
D
←

6��	�	�	%��&�������&���#�T��'
�
←

�IX K D L)�WHY����	6���Z&�	�=�U)*
 K D L 'HM�[�����))
←

)A
 K D LV�W�N
V�W�N
)�W;6��	�����&����� �T)�'*M	[�����)
��/
← \ ��M&W)�W�N���N

��/
←

V	M�
�] 2;M���%��	���I6��������&�����I��������@��	�#<
V�W�N

V&W�N
© ° ²+\8[�­²±�_!· `3^t´ i��h�({(kpsX}p�frtoO�b�h{(vf}p{(u���%3u %�kps�£Åvfo
*½�(wZ���f}(%�wfo
*�� k��(qnqp��kpw�o�}C� k���}p�ho�¢=19g7¶=¶�·K-&-

���������	��
��	�B6��	�����&����� �.)#"_Z&��� K ������%�� L ,$�`"ba������������
'c�-"10��	�	���	���
���	)�J�����N	��W�J&W���N
�7d�R�e;)�
�a#�$5
W�N7)?"	"_5G'HRA�

���������	��
��	�B6��	�	��%��������	�&���#�.� "_Z&��� K �&����%�� L 'C5f����%���a���D-"g������%��
���	)�J�����N	��W�J&W���N
5f����%���a���D7R3a	M	]&W�a�
	a#�h5
W�N>�Q"�"b5G'

���������	��
��	�IY����	6���Z��	�=�.)#"_Z&��� K ������%�� L ,$�`"ba������������
'c�-"10��	�	���	���
���	)�J�����N	��W�J&W���N
�7d�R�e;)�
�a#�$5
W�N7)?"	"_5G'Ad�RH�

���������	��
��	�7������9�����a����	�&�����=�.� "bZ&��� K �����	%�� L ,g�`"ba������������G'A)#"_Z&��� K �&����%�� L ,.��/i"b0��	�	�	��������	)�J�����N	��W�J&W���N
��/>R�e;)�
�a#�$5
W�N7)?"	"_5G'HRA�7j

S ⊆ C
D

���	0�
�J
)
← K	LJ	M�N	J�O�
��I�?PkR K	L ��JQPT6��������&����� �U)l,$�m'!V�M&Wn�	�
D
←

6��	�	��%��������	�&���#�T�&'
�
←

�IX K D L)�WHY����	6���Z&�	�=�T)3
 K D L ,b�m'cM	[�����))
←

)H
 K D LV�W�N
V�W�N
��/
←

6��	�����&����� �T)l,$�m'
V�W�N
© ° ²+\8[(­�±�_
· `*o2´ i��h�b{(kps�}p�frto��(�h{bv;}p{buC�=%Eu %Ekpsh£Åvfo�q��t%Ez3sh�(�hsXq&%O� {(vfkJ�Xo�z1���hzEvZ� wfo��h�trt{(uZuZ�(sXo

�



� h ¡���WZVK[ h W g������;i=h i��=d	��
��;i�cbi�e;f�

G ��� � g ��� i�� ��� �;g ��� i� h W��X¡�wZV.��\b�=¡=w

G
¨�


V � E
�

G
~��.�»�Z�_�;|$�9���.~°�=���Z�.~7¥.~

�b¡ � \��X¡=wKV.��\b�K¡�w
� i j�����f g=f ~��.�»�Z����|$��|.~��;~0|b~Z�=�����X|b~4� ~7�2�C��y7�.y4�2�2{+�����X|

GVXWZY=[ \
F ← �� j=d��!�;f�"=d�e \ �;d#��
;iZi

← � v�[�$\XvZwZ\ x7[ W w ¡�w j�d��	�;f�"�d�e \ �;d	��
 iZi � vb� h Wi
← �b� {7~Z� �=y=���Z�t~�|_�X�.~���|&%;�=~ i(' �.y �$~4�2�2{7~*)@y7�2� � |b~��Z� ���2�=~,+� �z{&+@�K£;���2� �;~ i §

F
�t~_��| � ~����=���;~°�.-.�.{7~ vZ  ¡ h �

F ← F
[ � i  � � 


V � F
� ~��.�»�Z����|$��|.~��;~0|b~Z�=�����X|b~4� ~7�2�¼�����X|

G
vZ  ¡ h �

j�d��!�;f�"�d�e \ �;d	��
;iZi
← / h vb�

� ��w
� ��w

� ��wh WX\ ¡7[ h wKW h0

V � F

�
� ��w
© ° ²+\8[(­�±�_!· `�T ´ µ {(kprto �=%Eu %Ek����ho�w � vfufo qn{b�hv;}psX{bu�|�{�k��(z3o �(vO�fkp{(mZ�h¥Erto wfo �½� ��knmfkpo wfo-kpo3zE{bv;|�kpoErto3u�}rtshufshr�vZr
� [�\8Y
[(­²¿�±1¿¹]�[�¯
]Å­²W8°®`�³ V�¯
¬´W+[�¸
[�`$³9`¹[1`�]b\�¯9a9[1`;· `;¬+±�· ­½¬
­½· W8°
i!|(�(u�}�w^� oB5;�(rtshufo�k��Z�hvfq�o3u"w %E}���sh�hq�wfo3v;5"�(�X�b{(kps�}p�Zr�o3q�wZs>3t%EkpoEu�}pq���{bv;k�����kpoEz��Zo�kpz��Zo�w � vZu ��knmfkpowZo�kpoEz3{(vf|Åkpo3rtoEu�}OrtsXufshr��(�r19sX��o3q�}OsXuÅ}(%�kpoEqnqp�(u�}�wfo��fk(%3qnoEu�}poEkOvZufo��Zkp{��Zkps�%E}(%�wfo3qO��knmfkpoEqOwfo�kpoEz3{bv;,|�kpo3r�o3u�}�£�vZs ��o�kprtoE}Jwfo�rtsXo3v;5�z3{(r��fkpo3ufw;kpo�oE}-��vfq�}ps��ZoEkS��{bv;k�£Åvf{bs^z3oEql�(�X�b{(kps�}p�Zr�o3qS¨®{bufz�}psh{bufufo3u�}z3{(knkpoEz�}po3rtoEu�}2143�5�3�6�798;:,5�:=<�> ?2>.@BA#A	5�CEDGFIHJ:K7MLN>O?M3�PQ3�R9REDS3�T;UWVYX�Z[X2\�Z4]_^�`KZ4^#]9aKb�XWc�dfehg i!j�]_klZnm	oJb,klcqp�X�rWX�sIT
t A.H�uwvxDGyG:_z|{~}#A.u�R;T����.�.�	�ne���o�}n}poy�fkp{(�fkpsD%�}(%�oEq�}Jsh�X�hvfq�}nk(%3o�¦���� µ sX�bv;kpo�g(e

e

Arête de poids minimim

V
1

2

V

µ sX�bv;kpo�g(¤ � ufo�sX�h�XvZq�}nk���}psh{bu�wfoO�����fkp{(�fkpsD%�}(%�z�kpvfz3sh�(�hoOw � vfu���knmfkpoOwZoOkpoEzE{bv;|�kpo3r�o3u�}
� [�\8Y�\8µ1­²±�­®\�¬�� ��Gr�

G = (V, E)
�X" ��J(89a.F;:�"t��"°��J)GL:)"b�
�O��a$��"tM	�4J �½:B��69��"$"t:(HK:7u � ��G³�

V1
:B�

V2MK:4�KH¼:4"$`4:4l �4��:4`
M�G³` �A��G³"$�r`�"t��"CIAGLMK:4`��!:B� `Oo4�$:
V = V1 ∪ V2

u � ��G³�
e
�;".:+8�JK�4�!:nMK8�"$`

G
MK:?a$��G M�`

d



lEG³" G³lE�Xl�ab8�J)l�GU�!���;�!:4`m69:B� ��:)`�o4�XG�J(:B� GL:)"b�º�;"½`B��lEl
:B��MK8�" `
V1

sO�;"½`B��lEl
:B��MK8�"$`
V2

uC� ����J)`;��Gr�
:9H�G³`)�!:��X"k8�JG�4J(:EMK:mJ(:969���XI7J(:)ln:4"$�ºlEG³" G³lE�Xl

T
MK��"b�Q�@q �X"t:EMK:)`�8�JK�B�!:4`�:)`)�

e
u

�bvZq�}ps��Zz1��}psX{buC¤p*/��kpoEv;|�o �8��k zE{bu�}nk��(wfshz�}psh{bu.-��Åv;�Z��{bqn{(uZq £Åvfo������fkp{(��{bqns�}psh{bu�qn{bsX}�¨/�(vfqnqno�1Åwf{bufzJ£Åv � sX�u^� oB5�shq�}po��(vfz3vfu���knmfkpo�wfoJkpo3zE{bv;|�kpoErto3u�} rtsXufshr�vfr £Åvfs8zE{bu�}pshoEufufo��½����k R }po
e
*/�½����k R }poluf{bu�� {(shu�}psh�X�D%Eokpo3�Xs��(u�}

V1
oE}

V2
wZ�(ufq��h� µ sh�bv;kpo g�-�e��Å{bsX}º�(�X{(kpq T

vfu ��knmfkpo�wfoCkpoEzE{bv;|�kpo3r�o3u�}�rtsXufshr�vfrCe��Ås{bu¹����{bv;}po��½� ��k R }po
e
�(v;5$��k R }po3qlwfo

T
18vZu$zE¢;zE�ho�qno�k��ºu %3zEoEqnqp�(sXkpoErtoEu�}yzEk(%B%bel� vfsXqp£Åvfo��½������{bv;}ywfo

ezEk(%EoEk���sX}
vZu�z�¢;zE�ho�1�sh��o45;shq�}po�wZ{(uZz vfufo���k R }po
f
wfo��/����knmfkpo

T
£Åvfsbkpo3�Xsho vfu�qn{brtrto�}!wfo

V1
¦Jvfu�qn{brtr�oE}wZo

V2
*/�/� vfufo�wfoEq���k R }po3qO��{bsXuÅ}psX�h��%3oEq�wZ�(ufq���� µ sh�bv;kpo�g�-�e� JkA1
{bu ��£Åvfot�Xot��{bsXwfq�wZo e

o3q�}��/����k R }powZo���{bshwfq�rtsXufshr�vfr �+��kprts9}p{bv;}po3q�zEo3�X�hoEqlkpoE�hsh�(u�}
V1
o�}

V2
1�zb� o3q�}&,¼¦�, wfs�kpo=1

poids(e) ≤ poids(f)
e��Ås{bu"qnv;�f�fkpshrto

f
wfo

T
oEu"����{bv;}��(u�}

e
1��(�h{�kpq�{bu"�(v;k��$£�v+��uZw@r R rtoºvfu ��knmZkpoºwfo�kpoEzE{bv;|�kpo3r�o3u�}A1oE}yqn{bu$��{bshwfq�"t:�`B:4J(8�ab8�`�`9�7a/�4J)G :4�XJº¦HzEoE�hvfs!wZo

T
ey� vfshqp£Åvfo

T
%�}��(sX}�vfu ��knmfkpo�wfo�kpo3zE{bv;|�kpoErto3u�}rtshufshr�vZr�18z3o�uf{bv;|�oE�
��knmfkpo�{(mf}poEu�vC�+��kl�hoOkpoEr��Z���(zEoErto3u�}lwfo

f
�+��k

e
qno�k����hvfs
�(vfqnqns9vZu���knmfkpo�wfokpo3zE{bv;|�kpoErto3u�} rtsXuZsXr�vfrCe  JkA1ÅuZ{(vZq �3|�{bufq qnvf�f��{bq&%l£Åv � sX�+u � oB5;sXq�}��(sX}-�+�(q wfoS}po3�+��knmZkpoSz3{(uÅ}poEuZ�(u�}

e
e

��{(}nkpo���¢���{(}p�f¥3qno�wZo�w %E�+��kn}O%�}��(sX}�wf{bufzC¨/�(vfqnqno(e´ �u"��o3v;}�wZ{(uZz�z3{(uZzE�hv;kpoC£Åv � sh� oB5;sXq�}poHmZshoEu5vZu��knmfkpo�wZoykpoEz3{bv;|�kpoErtoEu�}Jrtshufshr�vZr £�vZs^zE{bu�}pshoEufuZo
e
e

T��/c��/c © °³²+\8[�­�±�_
· `$³9` � [�­½·
	 ¿�
-¬
­²±�­®\�¬&c � ��Gr�

Y
�;"C:4" `B:4l �B��:OMK:�`B��lEl
:B�r`�a.J(��I�:4"t8�"b�pMK:

G = (V, E)
�
G
�B�!8�"b�Q�X" ��J(89a.F;:

69��"$"t:(HZ:Au
� :m`B��lEl
:B���hoy�Z�hvfqS�fkp¥EqOMK:
Y

:)`)�Svfu�`B��lEl
:B�
v′ ∈ V − Y

o4�XGQ:4`9�ºJ(:B� G �EsO�;"¼`B��l�ln:B�
MK:

Y
a$8�J¾�X"t:E8�JK�B�!:�MK:�a$��G M�`�lEG "$G³l��;l
u

��{(}pot¤��+� sh�^u � oB5;sXq�}po���vZzEvfufo���k R }poyo3u�}nkpo
s
o�}

s′
1f{bu�uf{(}po��(�h{�kpqJ�hoy��{bshwfqSz3{br�rtom%�}��(u�}

+∞
e

� h ¡���WZVK[ h W g������;i=h i��=d	��
��;i�cbi�e;f�

G ��� � g ��� i�� ��� �;g ��� i� h W��X¡�wZV.��\b�=¡=w

G
¨�


V � E
�

G
~��.�»�Z�_�;|$�9���.~°�=���Z�.~7¥.~

�b¡ � \��X¡=wKV.��\b�K¡�w
� i j�����f g=f ~��.�»�Z����|$��|.~��;~0|b~Z�=�����X|b~4� ~7�2�C��y7�.y4�2�2{+�����X|

GVXWZY=[ \
F ← �� 
Y ← � 
��  ]Z] ��:�6)F;��G H+M��½`B��l�ln:4�pMK:�M	�!ab8�J4��:4`9�p8�JG�4Gr�rJ(8�G J9:Au
\XvZwZ\ x7[ W

Y 6= V � v.� h W
��
← �b� {7~X�;�=y=���X�.~�|°�Z� �;�7�Z��~;� �Z���;�

V−Y
' �.y°~��t� {7~��p{9�;���2|b�����;~��

Y ← Y
[ � 
��  i

←
��|�%;�=~��(�;~���� y=�=�0��y7�ty4� ����� ' �.y0|b~.{7yX~ 
�� §

Y
F ← F

[ � i  
� ��wh WX\ ¡7[ h wKW h0


Y � F
�

� ��w
© ° ²+\8[(­�±�_!· `��t´ �yo3qnz�kpsX�f}psh{(u�wfo��Z�(v;}JufsX|�o3�(v�wfoO�½� �(�h�b{�kpsX}p�frto�wfo��-kpshr

§H�yoEqnzEkps��Z}psX{buCwfo��+��vf}Jufs�|�o1��v�wfo��/���(�X�b{(kpsX}p�frto�wfoO��kpshr ¤�i��h�({(kpsX}p�frto���e
§+/=�X�hvfq�}nk���}psh{(u�wfv�¨²{bufzE}psX{bufufo3rtoEu�}lwfoO�½�����h�b{(kps�}p�frto�wfo���kpsXr ¤ µ sh�bv;kpo���e§��Åv;�f� {(qn{bufq�£�vZoO�hoEq���{bshwfqSwZoEql��k R }poEqSwfo

G
qn{bshoEu�}lwf{bufu %3qS�+��kJ�h�tr���}nkpshzEo�qnvfsX|(�(u�}po�¤

W [i][j] =







poids(vi, vj)
qE� sX�^oB5;sXq�}poOvfufo���k R }poyo3u�}nkpo

vi

o�}
vj

+∞
qE� sh�^u � o45;shq�}po��(vfz3vfufo���k R }poOoEuÅ}nkpo

vi

o�}
vj

0
qns

i = j

�



1
2

2

1

1

v1 v2

v3

v4

v5

1
2

2

1

1

v1 v2

v3

v4

v5

1
2

3

3

1

1

v1 v2

v3

v4

v5

v6

1
2

2

3

3

1

1

v1 v2

v3

v4

v5

v6

1
2

2

3

3

1

1

v1 v2

v3

v4

v5

v6

1
2

2

3

3

1

1

v1 v2

v3

v4

v5

v6

v6v6

3

3

3

3

2

1 1 1

111

sommets de Y
sommets de V − Y

aretes de l’arbre couvrant

µ sh�bv;kpoO��¤�/=�h�Xvfq�}nk���}psh{buºwZvº¨®{bufz�}psh{bufufo3r�o3u�}�wfo��/���(�X�b{(kpsX}p�frto�wfo���kpsXr */�½� ��knmfkpo?%�|�{b�XvZo�wZ�(ufq �ho�qnoEufq
F;��J98�G J(:�¦��+��kn}psXkJwfv�zE{bsXu����(vfz��Zo�oEuC�Z�(v;}4-

·



� h ¡���WZVK[ h W � ��"Bcf
 e � w g=f ���B� w g=f��������	��� � �;i j �f� j�i=f � v �;i=f;i  �
VXWZY=[ \
� ← �� �b¡7[ h "

← 
 v e � vb� h We$iZg�� i j�f��_"��
←

�
� "Zj�f g�e&�=i��K"
�

← � � �����_"
�
� ��w
]X]�� "CMK��Gr��8 �A���;�!:4J

n− 1
`B��lEl
:B�r`�:4"nat� �X`�M�� `B��l�ln:4�ºG "$Gr�rG 8��Du

h W��ZWX\KW h_e�� � � ¡;� �]Z]�� "CM	�B�!:)J)lEG "t:���:�`4��lEln:4�po)�;GQ:4`)�Q��:pat� �X`�a.J��4`�MK:
Y.cM"Ae

← +∞�$¡7[ h "
← 
 v e � vb� h W� � � ≤ � "Zj�f;g�e��=i��_"
�

<
cM"Ae vZ  ¡ h �

cM"7e
←

� "Zj�f g�e&�=i��K"
�

=ebiZg��

←
"

� ��w
� ��w]Z]�� "C8 �A���;�!:���:�`B��l�ln:4�ºG "tMK:9H	��a$8�J�
=e$iXg�� s

Y.i
←

¤ |�%;�=~ ' �.y0|b~t{7yZ~�{7~��°� �A�Z��~;��� 
=e$iXg�� ~;� e$iZg�� i j�f�� 
Ke$iZg����
� ← � [ � i  � "Zj�f g�e&�=i�� 
=e$iZg����

← −1
]Z]�� G³`)�!8�"t6(:�"��!�Z8��rG I�:�G "tM�GLo)�b8�"$�po4�$:���:m`B��lEl
:B��:4`)�pMK8�"$`

Y.]Z]�� ���XJ�64F;8Ko)�b:�`B��l�ln:4��a$8�`�MK8�" `
Y
�Q��"�l
:B��sB�A���XJ���8�M�G³`9�!8�"t69:pa$8�JmJ(89aKa$��J4��s

Y.�$¡7[ h "
← 
 v e � vb� h W� � � �_"
��� 
Ke$iZg���� <

� "Zj�f;g�e&�=i��_"�� vZ $¡ h �
� "Xj�f;g�e&�Ki��_"
�

← � �_"
��� 
=e$iZg����e$iXg��;i j�f��_"
�
←


Ke$iZg��
� ��w

� ��w
� ��w h W��ZWX\KW h

� ��w
© ° ²+\8[(­�±�_!· `��2´�� o�kpqnsh{bu��ZqnoEvZwf{�zE{�wfo�¨²k���u/�3�(sXqSwZo��/���(�X�b{(kps�}p�Zr�o�wfo���kpsXrxwfvCr��(uÅvfo3�

 



� h ¡���WZVK[ h W � ��"Bcf
 e � w g=f ���B� w g=f��������	��� � �;i j �f� j�i=f � v �;i=f;i  �
VXWZY=[ \
VXW���v���V;vZw � � � ¨

−1
]Z]�� G `)�!8�"t69:���� �)GLMK��"�q qZG³"tM�G o4�$8�"b�º�X"�`B��lEl
:B��M	���Bs�MK8�"$`

Y
u

]X]�� "�G³" Gr�rGL8�� G `B:���:4`�`)�rJ)�b64�r�;J(:)`�MK:EMK��"$"��9:4`Bu
� ← �� �b¡7[ h "

∈ {2, . . . , n} � vb� h W ]Z]�� "na$8�J4�pMK:
v1

MK��"t6���:)`)�ºG���"t��J �Au
e$iZg�� i j�f��_"��

←
�

� "Zj�f g�e&�=i��K"
�
← � � �����_"
�

� ��w
]X]�� "CMK��Gr��8 �A���;�!:4J

n− 1
`B��lEl
:B�r`�:4"nat� �X`�M�� `B��l�ln:4�ºG "$Gr�rG 8��

v1
u

h W��ZWX\KW h_e�� � � ¡;� �]Z]�� "CM	�B�!:)J)lEG "t:���:�`4��lEln:4�po)�;GQ:4`)�Q��:pat� �X`�a.J��4`�MK:
Y.]Z]�� ���XJ�69: �B8�G³J(:��Q��"C:9HK8�lEG "t:m�X"$GLo)�b:)ln:4"$�p��:)`¾`B��lEl
:B�r`Qa$8�`�MK8�"$`

Y.cM"Ae
← +∞�$¡7[ h "
∈ {1, . . . , n}

\KWX  x7[ W � "Zj�f;g�e&�=i��_"��
6= DEJA

�
DANS

�
Y � vb� h W� � � "Zj�f;g�e��=i��_"
�

<
cM"Ae vZ  ¡ h �

cM"7e
←

� "Zj�f g�e&�=i��K"
�

=ebiZg��

←
"

� ��w
� ��w
]Z]�� "C8 �A���;�!:���:�`B��l�ln:4�ºG "tMK:9H	��a$8�J�
=e$iXg�� s

Y.i
←

¤ |�%;�=~ ' �.y0|b~t{7yZ~�{7~��°� �A�Z��~;��� 
=e$iXg�� ~;� e$iZg�� i j�f�� 
Ke$iZg����
� ← � [ � i  � "Zj�f g�e&�=i�� 
=e$iZg����

←
VZW���v���VXvZw � � �

]Z]�� ���XJ�64F;8Ko)�b:�`B��l�ln:4��a$8�`�MK8�" `
Y
�Q��"�l
:B��sB�A���XJ���8�M�G³`9�!8�"t69:pa$8�JmJ(89aKa$��J4��s

Y.�$¡7[ h "
∈ {1, . . . , n}

\KWX  x7[ W � "Zj�f;g�e&�=i��_"��
6=

VZW���v���VXvZw � � � � vb� h W� � � �_"
��� 
Ke$iZg���� <
� "Zj�f;g�e&�=i��_"�� vZ $¡ h �

]Z] � :�"t���XI�:98���`B��lEl
:B��8 �A���;�
�EMK8�"$`
Y

:)`)��at� �;`Qa.J��4`�M�� `B��lEl
:B� "$u
� "Xj�f;g�e&�Ki��_"
�

← � �_"
��� 
=e$iZg����e$iXg��;i j�f��_"
�
←


Ke$iZg��
� ��w

� ��w
� ��w h W��ZWX\KW h

� ��w
© ° ²+\8[(­�±�_!· `
	t´�� o�kpqnsh{(u��ZqnoEvZwf{�zE{�wfo�wfo��½� �(�h�b{�kpsX}p�frto�wfo���kpsXrxwfv�r���u�vfoE� 1+��%3�(¥EkpoErtoEuÅ}Sk(%E|�shq&%Eo� {(vfkSmZshoEu�rt{bu�}nkpo�kl£Åvfo�qnoEvf�hqJ�hoEqSqn{brtrto�}pq�o4�XG�"t:�`4��"b��a$8�`�MK8�"$`

Y
qn{bu�}lo45f�(rtsXu$%EqJo�}S}nk��(s�}(%3qEe

�



� � �(�h�b{�kpsX}p�frtoyd;e�g�wfv�r��(uÅvfo3��*®�+�(�boEqygEd  §8g�d � --��oEkprto�}�wfoyw %E}po�kprtsXuZo�k�vfuC��knmfkpoywfo�kpoEz3{(vf|ÅkpoB,rto3u�}�rtsXufshr�vfr */�ho�z��f{bs>5 wfv qn{(rtrto�}�wfotw %E�+��kn}
v1
oEq�}���knmZsX}nk��(s�kpo�-�e � ufo��fkpoErtsh¥�kpo�|�oEkpqnsX{bu o3u�+qnoEvfwf{�z3{ÅwZo�¨�k��(u2�1��shq&%�oEq�}��fk(%3qnoEu�}(%3oC¦��½�����h�b{(kps�}p�frto½·�e � ufo�wfoEv 5�sh¥ErtoH|�o�kpqnsh{bu21�£�vZs�kpoEufw"�Z�hvfqoB5��Z�XshzEsX}po��ho�¨/�(s�}�£Åv � {bu�ufoO}nk��(sX}po�1Zw+��uZqJ�Xo3qJm�{bvfzE�hoEq �b¡7[ h.18£Åvfo��hoEqJqn{brtrto�}pq�£Åvfs9ufo�qn{bu�}l�+�(qJw %��n¦w+��uZq

Y
1fo3q�}S�fk(%3qnoEu�}(%3o�¦���� µ sX�bv;kpo  e�
oEqSq�}nkpvfzE}pv;kpoEqSwZo�wf{bufu %Eo3qSvf}psX�hsXq&%3oEqS�+��kJ�/���(�X�b{(kpsX}p�frto���{bvfo3u�}J�Xo3q�k('b�hoEqJqnvfsX|(�(u�}pq�¤

•
e$iZg��;i j�f��K"
��P sXufwZsXz3oOwfv�qn{brtr�oE}Jw+��uZq

Y
�hoy�+�XvfqJ�fkp¥EqSwfo

vi

e
� vfshqp£�vZo

Y
|(��kpsho�oEu�zE{bv;kpqJw � o45;%Ez3v;}psh{(u�1+�(v�¨®v;kJoE}l¦�rtoEqnvfkpo�£Åv � {bu�¢�����{(vf}poOwfo3qJqn{br�rtoE}pqB1zEot}���mZ�ho3�(v@qnoEk����Xvfs �(vfqnqns�rtsXq�¦���{(vfkA1-¦�z��Z�b£Åvfoº¨²{bshq�oEu ¨®{bufz�}psh{bu wfv@uZ{(vf|bo3�º%3��%3r�o3u�}�£Åvfs|;sXo3u�}Jw � R }nkpo�����{bv;}(%�¦

Y
e

��{(}p{bufq�£Åvfo=1�sXufsX}ps����hoErto3u�}A1�e$iZg��;i j�f��K"
�°¨ ����{bv;k�}p{bvfq��hoEq�"
≥ 2

1�o�}tzEo��Zvfshqp£Åvfo
Y
ufozE{bu�}pshoEuÅ}lsXuZs�}ps��(�Xo3r�o3u�}y£Åvfo��ho�qn{brtrto�}

v1
e
��{(vZ�Xsh�buf{bufq�£Åvfo��ho�z��f{bs�5Cwfv�qn{brtrto�}�shufs�}ps��(�9u ����(vfzEvZufo�w � sXr���{(kn}��(ufz3o�¤yvZ��}pshrtoErtoEu�}A19��{bv;k�£Åvfo��½� {(u �(sX}�vfu ��knmfkpotwfo�kpoEzE{bv;|�kpo3r�o3u�}A1º�!���X`

��:4`¾`4��lEln:4�r`Owfo�|�kp{bu�}Ju %3zEo3qnqp��sXkpoErto3u�}l�3|�{bs�k %�}(%�sXuZzE�hvfqSw+��uZq
Y
e

•
� "Zj�f;g�e&�=i��_"
��P � {(shwfq�wfo$�½� ��k R }po¹£ÅvfsJkpo3�Xsho

vi

��v qn{brtr�oE}�sXufwZo45;%��+��knebiZg��;i j�f��_"
� */�hoqn{brtr�oE}Jwfo
Y
�XoO�+�XvfqS�fkp¥3qSwfv�qn{brtrto�}

vi

-�e
��o�}n}polwfsXq�}��(ufz3oJ|b�m%�|;shwfoErtrtoEu�} R }nkpoJrtsXqnoy¦S��{bv;k�o3uº¨²{bufzE}psX{buºwfo�ebiZg��;i j�f��_"
�$1;zb� o3q�}&,¼¦�, wZs�kpo=1oEu�¨²{bufzE}psX{buCwfo��/������{bv;}Jw^� vfu�uf{bv;|�o3�2%3��%3r�o3u�}lwZ�(ufq

Y
e

i�v ¨®v;k�o�}�¦�r�o3qnv;kpoH£�vZo�wfo�uZ{(vf|bo3�X�hoEq���k R }poEq�qn{bu�}�����{bv;}(%3oEq�¦
Y
1!�hoEq�}���mZ�ho3�(v;5�e$iZg�� i j�f o�}

� "Zj�f;g�e��=i$qn{bu�}�wf{bufzºrtsXq�¦���{bv;k�oEu@¨²{bufzE}psX{bu wfv uf{bv;|�o3�(v@qn{(rtrto�}�����{bv;}(%�w+��uZq
Y
e�� z��+�(£ÅvfosX}(%�k���}psh{bu wZo �½� �(�h�b{�kpsX}p�frto�1ysX�O¨/�(vfw;k�� wf{bufz w %E}po�kprtshufo�k��½� sXufwZo45 � {(vfk��Xo1£ÅvfoE� � "Zj�f;g�e��=i��_"
� o3q�}rtshufshr�vZr�1^z3o�£Åvfs
� o�kprto�}n}nk���wZo�w %�}poEkpr�shufoEky�Xo�qn{(rtrto�}O�ho��Z�XvZql�fkp¥3q�wZo

Y
e��l� oEq�}y�½� sXufwZo45�wZo�zEoqn{brtrto�}�£Åvfs^oEq�}Jz3{bufqno�kn|K%Ow+��uZqS����|b��kps���mZ�ho 
=e$iXg��+e

/=uZs�}ps��(�Xo3r�o3u�}A1
Y = {v1}

19wf{bufz�z3oEqOwfsX|boEkpqnoEq�q�}nkpvfz�}pv;kpo3qOwfo�wf{bufu %3oEqOqn{bu�}�shufsX}psh�(�hsXq&%3oEq�zE{brtr�oqnvZs�}�¤
•
e$iZg��;i j�f��K"
�°¨ �(e

•
� "Zj�f;g�e&�=i��_"
�°¨���{bsXwZqSwfo��/����k R }po�£�vZs�kpo3�Xsho

v1
¦

vi

*®��o3v;} R }nkpo��
∞
qE� sX�9u � ¢����+�(qSw ����k R }po�-�e

§+TU5Å�+�Xshz3��}psh{(uZq��Z�XvZqJw %�}��(sh�X�D%Eo3qSwfoO�½�����h�b{(kps�}p�frto�wfo���kpsXr *½���h�b{(kps�}p�frto�·=-l¤
•
�
�¹m�{bvfz3�Xo �b¡7[ h5�(v5w %EmZv;}�wZoC�½�����h�b{(kps�}p�frto�shufs�}ps��(�Xshqno�e$iZg�� i j�f"oE} � "Zj�f;g�e��=i � {(vfk

Y
ufozE{bu�}po3uZ�(u�}Jshufs�}ps��(�Xo3rtoEu�}�£Åvfo

v1
e

•
�
���fkpo3rtsX¥Ekpotm�{bvfzE�ho �$¡�[ h ¦C�½� shu�}(%�kpshoEvfk�wfot����m {(vZzE�hoOh W��ZWX\ZW h w %E}po�kprtshufot�ho�qn{br�rtoE}�£ÅvfsoEq�}��ho��Z�hvfql�fkp¥3qlwfo

Y
e��!��zE{bufwfsX}psh{(u

0 ≤ distance[i]
oEq�}�v;}psh�hsXq&%3o�� {(vfkluZo��8��q�o45f�(rtsXufoEk�hoEqlqn{brtrto�}pqy£Åvfs
qn{bu�}yw %���¦��fk(%Eqno3u�}pq�wZ�(ufq

Y
*/��� � "Zj�f;g�e&�=i�w � vZu�}poE�
qn{(rtrto�}��8��k�k����f��{(kn}¦

Y
o3q�}Jw %��ZuZsXo=1���vfq�}po����fkp¥EqS�½������{bv;}lwfo��/����k R }po�iº¦

F
1ZzE{brtr�om%�}��(u�} � ��-�e

•
�
�"wfo3v;5;sX¥3rto¹m�{bvfzE�ho �$¡7[ h rto�}�¦���{bv;k��Xo3q�}���mZ�Xo1�(v;50e$iZg��;i$j�f oE} � "Xj�f;g�e&�Kifex lu6o45f��,rtsXuZo�z��Z�(zEvfu@wfoEq�qn{brtrto�}pq�£Åvfs u � oEq�}��+�(q�w %���¦�w+��uZq

Y
*/qns �Xo�qn{brtrto�}�o3q�}�wZ�(ufq

Y
1��(�X{(kpq

� "Zj�f;g�e&�=i��_"
�°¨
−1

1�wf{bufz��/� shufq�}nkpvfz�}psh{bu � � u � o3q�}��8��qºo45;%3zEv;}(%3o�-º¤$qnsl�h� wfshq�}��(ufzEo�wfo�zEoqn{brtr�oE}�¦
Y
o3q�}!shuf¨³%�kpshoEv;kpo ¦JzEo £Åv � oE�h�hoº%�}��(sX}��3|(�(u�}��/������{(vf}!wfv�qn{brtrto�}�q&%E�hoEz�}psh{bufu %�*[
=ebiZg�� -91�(�X{(kpqJ{bu�rt{�wfs��+o � "Zj�f;g�e&�=i 1+oEu�sXuZwfsh£ÅvZ�(u�}��(vfqnqns
£Åvfo��Xo�qn{brtrto�}lwZo

Y
£Åvfs^o3q�}Jr��(sXuÅ}poEuZ�(u�}�hoy�Z�hvfqS�fkp¥EqJoEq�}SmZshoEu��hoOuf{bv;|�o1��v�qn{brtrto�}�* e$iZg��;i$j�f��_"
�°¨ 
=e$iZg����(-�e

§���{br��+�XoB5�sX}(%OwZoO�½� �(�h�({(kpsX}p�frtoO��{bv;k
G = (V, E)

¤
Θ(n2)

1f{=<
n = |V |

*/uf{br�mfkpo�wfoOqn{brtrto�}pq)-�e
§¹��kpoEv;|�o�£Åvfot�½� �(�h�b{�kpsX}p�frto�wfo��-kpshr �Zkp{ÅwZvfs�}�vZu ��knmfkpo�{(�f}psXr��(�S¤ � {bsXk��9oErtrtotdfe�g½*®�^e�gEdZ¶�wZvr��(uÅvfo3� -91 µ sh�(vfkpoOdfe · *®�^e9g3�(��wfv�r��(uÅvfoE�³- o�} ¹�� %3{�kp¥3rtoOdfehg
*®�^e
g3�(��wfv�r��(uÅvfoE�³-�e

¶



�!�5�fkpoEv;|�o kpo���{bqno@qnv;k¹�h�´uf{(}psh{bu�wZo qn{bvfq@, oEuZqnoEr�mZ�hoCa.J(��ln:4� �!:4�XJ�* a.J(��l�G³`9G "X�$-$¤ vfu qn{(vZq@,o3ufqnoEr�mZ�ho$w ����k R }po3q�o3q�}º�fkp{brto�}n}poEvfkºqnsl{bu´��oEv;}H�hvfs�����{bv;}poEkºwZoEqH��k R }po3q�wZo�¨/���E{bu ¦ {(mf}poEuZs�kHvZu��knmfkpo�rtshufsXr�vfr wfo�kpoEzE{bv;|�kpo3r�o3u�}3e�¹
{bv;}�w � ��m�{(kpw21��ho��Xo3rtr�o�uf{bvfqlwfsX}y£Åv � vZu�o3ufqnoEr�mZ�ho��fkp{br�oE}&,}po3v;k�w ����k R }poEqO� oEv;} R }nkpoO%E}poEufwZv �3|�oEz�vfufoº�(v;}nkpo���k R }potwfot¨/���E{bu ¦C{(mf}poEuZs�k�vfu uf{bv;|�o3�-o3ufqnoEr�mZ�ho�Zkp{(rtoE}n}poEv;k qns�{buºz��Z{(shqnsX} vfuZoy��k R }polwfol��{bsXwZq�rtshufsXr�vfr�£Åvfs+kpo3�XsholvfuHqn{brtrto�}�wfo
Y
¦�vfuHqn{brtr�oE}wZo

V −Y
1
Y

%E}���uÅ} w %��ZuZs8zE{brtrto��/� oEufqno3r�mZ�Xoywfo3q�qn{brtrto�}pq�k(%3¨ %Ek(%Eq�wZ�(ufq �/� oEuZqnoEr�mZ�hol�fkp{brto�}n}po3v;k3e
T ufqnvZs�}po=18sh�9qnv��t}ywfo�rt{bu�}nkpo�kl�+��k�sXuZwfvfz�}psh{bu»* ¹��$%E{(kp¥Erto�d;e�g�-S£�vZo��½� o3ufqnoEr�mZ�ho

F
wfo��/���(�X�b{(kps�}p�Zr�oo3q�}S}p{bv���{bv;kpq��fkp{brto�}n}po3v;k3e

¹
{bv;}poE¨®{bsXqB1�qp�(ufq�oEuÅ}nkpo�k�wZ�(ufq��hoEq�w$%�}��(sX�hq�¨²{(kprtoE�hq�wZoH�����ZkpoEv;|�o�1 �����Zkp{��Zkps�%E}(%º�fk(%3qnoEu�}(%3oC¦�����8���boOd * µ sh�bv;kpo�g�-�uf{bvfqSwf{bufufoOvfufoym�{bufufoyshu�}pvfsX}psX{buCqnv;k�� {(vfk�£�vZ{(s �/���(�X�b{(kpsX}p�frto��fkp{�wfvfsX}�mZsXo3u�vZu��knmfkpo�wZoykpoEz3{bv;|�kpoErtoEu�}Jrtshufshr�vZr�e
T��/c�� ^ © °³²+\8[�­�±�_
· `$³9`���[�¯
µ���W8°
� � ���f�Zkp{Åz��foJv;}psh�hsXq&%3oS�+��k �½� �(�h�({(kpsX}p�frtoJwfoJ�Okpvfq��(�(�ZoEq�}�wfs�3t%EkpoEu�}poJwfoJzEoE�h�hoSv;}psh�hsXq&%3oS�+��k��/���(�X�b{(kps�}p�Zr�owZoH��kpsXrCe �O�(ufq��½�����h�b{(kps�}p�frto�wfo���kpsXr�1�{bu»%�}po3ufw@��oE}ps�}t¦���o�}psX}��/����knmfkpoC¦��+��kn}ps�k�w � vfu qn{brtr�oE}��knmZsX}nk��(s�kpobe � vfufon%E}�����o�wZ{(uZu %EoºwZoº�/���(�X�b{(kpsX}p�frto�1-{bu"��wf{bufzHvfu@oEufqno3r�mZ�XoHwfoHqn{(rtrto�}pq�kpoE�hs�%3qo3u�}nkpo�oEv;5�£�vZs�¨®{(uÅ}��+��kn}psho wZo �/����knmfkpo%�+uZ�(�r1boE}-vfu�oEuZqnoEr�mZ�ho�wfo�qn{brtr�oE}pq�o3ufzE{(kpo�sXqn{b�D%EqEe��-��k-z3{bu�}nkpo�1�(v$z3{bv;kpq�wfo��½� o45;%Ez3v;}psX{bu$wfo��/���(�X�b{(kpsX}p�frto�wfo��ykpvfq��b��� 1�{bu¹��vfk��t�+�Xv;}('(}yvfufo0�B��JK�B��*/vfufo�zE{b�X�hoEzE}psX{buw^� ��knmfkpo3q)-�oE}A1Z¦�z��Z�b£Åvfo¾%E}���� oywZoO�½� oB5X%3zEv;}psh{bu�wZoO�½� �(�h�({(kpsX}p�frto�1Z{bu�k(%3wfvfsXk����h��}��(sX�h�hoOwfo�zEo�}n}poO¨²{(k R }
*/�hoOuZ{(r�mfkpo�wfo�qn{(vZq@,¼��knmZkpoEq)- o3u�kpoE�hsh�(u�}loEuZqnoEr�mZ�ho�wfoEv;5�wfo3qSqn{bvfq@,¼��knmfkpo3qJw %���¦tsXwfo3u�}ps��$%EqEe

� �hvfq��fk(%3zEshq&%ErtoEuÅ}A1^wZ�(ufqO�½� �(�h�b{�kpsX}p�frto�wfo��Okpvfq��(�(� 1^{bu¹zE{brtrtoEufz3o��8��k�w %��ZufsXkOvfufotzE{b�X�hoEzE}psX{buwZo�qn{(vZq@, oEufqno3r�m+�Xo3qlwfshq/��{bshu�}pqJwfo�qn{brtrto�}pq�*/w � %E�D%ErtoEu�}pqJwfo
V
-�e  lu�sXuZq���oEzE}po�oEufqnvfsX}poOz��Z�(zEvfuZo�wfo3q��k R }poEqB1�o3u�{(kpw;kpo�uf{bu�w %3z�kp{bshqnqp��uÅ} wfoJ��{bshwfqEe ��s+�½� ��k R }poJq&%E�hoEzE}psX{bufu %3oJkpoE�hsXo�wfoEv;5�qn{(rtrto�}pq�w+��uZq�wfo3qqn{bvfq@, o3ufqnoEr�mZ�hoEqSoEufz3{(kpoJwZsXq/��{bsXu�}pqB1Z�(�X{(kpq�{buº�½� ����{bv;}po��(v;5º��k R }po3q�wfol�½����knmZkpolwfolkpoEzE{bv;|�kpo3r�o3u�}�oE} {bu¨®vfqnsh{bufufo��Xo3qSwfoEv;5Cqn{bvfq@, oEufqno3r�mZ�Xo3qB1Z�ZvZsXqp£ÅvfoO}p{bvfqJ�Xo3qSqn{brtrto�}pqJwfoOz3oEqJwfoEv 5Hqn{bvfq@, o3ufqnoEr�mZ�hoEqlqn{bu�}r��(shu�}poEuZ�(u�}�kpoE�hs�%3q o3u�}nkpoJoEv 58e�T�u�w^� �(v;}nkpo3q rt{(}pqB1Åvfu�qn{bvfq@, o3ufqnoEr�mZ�ho�wfoJqn{brtrto�}pq�w %Euf{(}poJwZ{(uZzJvZu�(kp{bv;��o�wfo�qn{brtr�oE}pq�£Åvfs�qn{bu�}��(z�}pvfo3�X�hoErto3u�}�kpoE�hs�%3q�o3u�}nkpotoEv;5 wZ�(ufq�����¨®{(k R }�£Åvfs�¨²{(kprto�k��C�½� ��knmfkpo

�+uZ�(��*/vfuZo�zE���(qnqno�w^� %1£�vZs�|b���hoEuZzEo�18wZ{(uZz�-�e��l� oEq�}l��{bv;kyzEo3�h�º£Åvfo�qns
�½� ��k R }po�wfo���{bshwfq�rtsXufshr�vfr kpoE�hsXowZoEv;5ºqn{brtrto�}pq�£Åvfs8¨®{bu�}�w %��n¦��+��kn}psho�wfvHr R r�o�qn{bvfq@, o3ufqnoEr�mZ�ho�1+�(�X{(kpq z3o�}n}poy��k R }polwf{bsX} R }nkpolkpo���o�}(%3o
*/uZoy¨²oEk����+�(q �+��kn}psXoywZo��½� ��knmfkpo �ZuZ�(� - z1��kSqn{(u�����{bv;}�z�k(%3o�k��(sX}�vfu�z�¢;z3�Xoyo�}�{bu�u � {(mf}pshoEuZw;k��(s�}��+�(q�vZu��knmfkpobe
§H�yoEqnzEkps��Z}psX{buCwfo��+��vf}Jufs�|�o1��v�wfo��/���(�X�b{(kpsX}p�frto�wfoO�Okpvfq��(�(�-¤�i��h�b{�kpsX}p�frto � e
§+/=�X�hvfq�}nk���}psh{(u�wfv�¨²{bufzE}psX{bufufo3rtoEu�}lwfoO�½�����h�b{(kps�}p�frto�wfo��ykpvfq��b�(�-¤ µ sh�(vfkpo��Åe��{(}poO¤!�O�(ufq �/���(�X�b{(kps�}p�Zr�o � 1 � iXg ��W ��kpo�}p{bv;kpufoS�½� %E�D%ErtoEu�}�¦y���y} R }poSwfo W �)1�zb� o3q�}&,¼¦�, wZs�kpoJ�Xo��ZkpoErtsXoEk
%3��%3rtoEu�}�wZo W �Q*/wf{bufz � iZg �_W �½¨ W � � ���;-91b�(�X{(kpq�£ÅvfoQf g�"�� W �^kpo�}p{bv;kpuZo��h�lqn{(vZq@, q&%3£ÅvfoEuZzEo�£ÅvfsÅz3{bu;,}pshoEuÅ}9�Xo3q^r R rtoEq %3��%3r�o3u�}pq9£Åvfo W ��qp�(vf¨��ho��ZkpoErtsXoEk %E�D%Erto3u�}Q*/s½e obe�1�f;g�"�� W �¼¨ W � � 
���� �Ki�e�	Zf � 
 W �O� �;-�eT u�¨/�(s�}A1���{bv;k�vZu¼j���knmZsX}nk��(s�kpo=1;{bu���}p{bv���{bv;kpq�£Åvfo�j0¨ � � iZg � j���
�
�f;g "���jZ1;z3oy£Åvfs8��oEv;}J��vZqnqnsqE� o45��fkpshrto�kJ�+��kJ�����fkp{(�fkpsD%�}(%OqnvZs�|b��uÅ}pot¤�j0¨°g � � 
 � iXg � j � f;g�"���j���e
§ � ufoy�8��kn}pshoOz3��%�wfoO�½�����h�b{(kps�}p�frto � oEq�}J����qnvZs�|b��uÅ}po�¤

� ��{&+&��|�%;�=~ i |b~.{7yX~��;~7�Z¥��;�A�Z��~ �7��~��2�A|b~ �
i
~;� �

j
�#�.~Z�

i 6= j
vZ  ¡ h �

]Z] � ��
 �;�by=���Z�.~ {7~��°�;���;����~7�;�$~B�2�t{7~����
�
←

�
− � � i � �

j  [ � � i
[ �

j  
� ← � [ � i  

� ��w

gE�



1
2

2

1

1

v1 v2

v3

v4

v5

1
2

2

1

1

v1 v2

v3

v4

v5

1
2

3

3

1

1

v1 v2

v3

v4

v5

v6

1
2

2

3

3

1

1

v1 v2

v3

v4

v5

v6

1
2

2

3

3

1

1

v1 v2

v3

v4

v5

v6

1
2

2

3

3

1

1

v1 v2

v3

v4

v5

v6

v6v6

3

3

3

3

2

1 1 1

111

aretes de l’arbre couvrant

µ sh�bv;kpo���¤p/=�h�XvZq�}nk���}psh{bu�wZv$¨²{bufzE}psX{bufuZoErtoEu�}�wfo��½� �(�h�b{�kpsX}p�frto�wZo��Okpvfq��(�(��*/���t¨®{(k R }?%�|�{b�hvfo�wZ�(ufq��Xoqno3ufqmF;��J(8�G³J(:�¦��+��kn}ps�kJwZvCz3{bsXuC���(vfz��fo�oEuC�+��vf}4-

g(g



� h ¡���WZVK[ h W g������;i=h i��=d	��
��;i�cbi�e;f�

G ��� � g ��� i�� ��� �;g ��� i� h W��X¡�wZV.��\b�=¡=w

G
¨�


V � E
�

G
~��.�»�Z�_�;|$�9���.~°�=���Z�.~7¥.~

�b¡ � \��X¡=wKV.��\b�K¡�w
� i j�����f g=f ~��.�»�Z����|$��|.~��;~0|b~Z�=�����X|b~4� ~7�2�C��y7�.y4�2�2{+�����X|

GVXWZY=[ \
F ← �� ]X]�� "�"t���!:)J98 � ¨ � � 1 � ������� �

k  ��]X]�� "C64J �9:m�;"¼`B���;`
�
:)"$`B:4l �B��:EM�G³`)�rG "t6B��a$���XJ�64F;8Ko)�b:�`B��l�ln:4�!u

�
← � {vi} | 1 ≤ i ≤ |V |  W �
← �b� ' �t~7�.�Z~_��| �Z���Z� � ~�� �b����� � ��|$�;y��Z�;���2�=~ ���;~�����|&%;�=~����2|$�	�.~7�$���2� �;~

E\XvZwZ\ x7[ W
|S| 6= 1 � vb� h Wi

← � iZg �_W � ]Z] ��q 8�J;�4�!:EMK:pab��G M�`�l�G³"$G lE�Xlnu
W �
←

f;g�"�� W �
� �z{&+@�=|�%;�=~ i |b~.{�yZ~��;~7�Z¥�� �A�Z��~;����~7�2�A|b~ �

i
~;� �

j
�	�t~Z�

i 6= j
vZ $¡ h �

]Z]�� "��9�X`9GL��"$".:���:4`¾`4���;`
�
:4" `B:4l �B��:4`Bu

�
←

�
− � � i � �

j  [ � � i
[ �

j  
F ← F

[ � i  
� ��w

� ��w�
0 ←

¯t~0�;���;� ��~7� �$~4�2�t{�~��=~t{ ' �.~ � ¨ � � 0  h WX\ ¡7[ h wKW h0
 �
0 � F

�
� ��w

© ° ²+\8[(­�±�_
· `¹Â2´ �yoEqnzEkps��Z}psX{bu�wfoO�+��vf}Jufs�|�o1��v�wfo��/���(�X�b{(kpsX}p�frto�wfoO�Okpvfq��(�(�

�!��}�¡(z��foOo43�o3z�}pv %3ol�+��kJzEo�}n}poy�+��kn}psXoywZoy�½�����h�b{(kps�}p�frtoOzE{bufqnshq�}po�¦�shwfoEu�}ps��ZoEkJ�Xo3q�qn{bvfq@, oEuZqnoEr�mZ�hoEq
�

i

o�} �
j

£Åvfs�zE{bu�}pshoEuZufoEu�}A1�kpoEq���o3z�}psX|�oErtoEu�}A1��hoEq
qn{(rtrto�}pq
vi

oE}
vj

�(qnqn{�zEsD%Eq!¦S�½����k R }po
e
wfo���{bshwfq
rtsXuZs>,r�vfr q&%E�hoEzE}psX{bufu$%Eol¦y�½� %E}���� o��fk(%Ez3¥Ewfo3u�}po(e ��o�}n}po��+��kn}pshoSwfoS�½� �(�h�({(kpsX}p�frto�� {(vfknk���sX} wf{bufzJqE� o45��fkpshr�oEkwZo��h��¨/���3{buCqnvfsX|(�(u�}po�1+oEuCqp�(z��+��uÅ}�£Åvfo

e
kpo3�XshoO�hoEqJqn{brtr�oE}pqSw^� shufwfoB5

i
o�}

j
¤

©A| �����t~�|�{&+(~7� �$~4�2�t{�~ �
i

' �.y°�K���2�=yZ~��2��{7~ �;�A�X��~;�
i©A| �����t~�|�{&+(~7� �$~4�2�t{�~ �

j

' �.y°�K���2�=yZ~��2��{7~0� �A�Z��~;�
j� � �

i 6=
�

j
vZ  ¡ h �

�X�;�by=���Z�.~�| �
i
~;� �

j
~7�°�Z���$~7��{ ~7�;�$~B�2�t{7~

� ← � [ � i  
� ��w

§��������h�b{(kps�}p�frto dfe��JwZv�rt�(uÅvZoE� *®�fk(%Eqno3u�}(%��(v;5��+�(�(o3q�g3�;g�§8g1�(�K-^��oEkpr�oE}�wfo w$%�}po�kprtshufo�k-vfut��knmfkpo wfokpo3zE{bv;|�kpoErto3u�}JrtsXufshr�vfrxv;}psh�Xshqp�(u�}l�/���(�X�b{(kps�}p�Zr�o�wfoO�Okpvfq��(�(�½eU� � �(�h�b{�kpsX}p�frtoOvf}psX�hsXqno�vfufo�q�}nkpvfz�}pv;kpowZolwf{bufu %3oEq ��oEkprto�}n}��(u�}�wZoJr��(ufsX�Zvf�ho�k�o ��z3�(z3oErtoEu�} wfoEq�qn{bvfq@, o3ufqnoEr�mZ�hoEq�wfshq/��{(shu�}pq w � sXufwZsXz3oEqEe���o3q{(�t%Ek���}psX{bufq�qn{(uÅ}�w %3z�kpsX}poEq vfu���oEv��Z�hvfq�m+�(q�*/i�ufuZo45;oSim-�e � ufoS|�oEkpqnsX{buºo3ut�ZqnoEvfwZ{Åz3{�wfol¨�k��(u2�3sXq&%Jo3q�}�Zk(%EqnoEuÅ}(%Eo�¦��/���(�X�b{(kpsX}p�frto�¶Åe
§���{br��+�XoB5�sX}(%OwZoO�½� �(�h�({(kpsX}p�frtoO��{bv;k

G = (V, E)
1+{�<
|V | = n

oE}
|E| = m

¤
g(e ¹
oEr��ZqS��{bv;kJo43�o3z�}pvfoEkS�hoO}nkps wZoEqJ��k R }po3qO¤

Θ(m lg m)
e

��{(}po�¤���{(rtrtoHwZ�(ufq��½� oB5�o3r��Z�XoHwfv@qp�(z�¦�wf{bq�*®|�{bs�k��Z�hvfq�m+�(qB1�qnoEz�}psh{bu@dfe dX-91-{bu ��{bv;knk��(sX}�(vfqnqns+v;}psh�Xshqno�k vfufoC�+�XoJwZoS�ZkpsX{(kpsX}(%�*®|�{(sXk�i�ufufoB5�oB� -
�Z�hv;}('(} £�v^� vfu�}nkpsZz3{br��+�XoE}3e��
��zE{br��Z�ho45X,sX}(%C��q�¢;r��f}p{(}ps�£�vZoHk(%Eqnvf�X}��(u�}po�qnoEk��(s�}t�h�¹r R r�o=1 r��(sXqt�ho�¨®�(z�}po3v;ktwfoH�Zkp{�� {�kn}psh{buZ�(�XsX}(%�qno�k��(sX}shuf¨ %EkpsXo3v;k3e
g3�



� h ¡���WZVK[ h W�� ���tj � g�� 
 e � w gKf � c � w g=f � W � j�i=f � v �;i=f;i  =� �;i$j �f� j�iKf � v �;iKf;i  �
VXWZY=[ \
W �
←

©A|byZ~�|�{7~�� c ��|�%;�K~����;~�Wz~7� �=| ��|b~ �$����� � ��| � y��Z�;����� �;~����;y=�K�
� ← �� "7e�"�f�"�g�� 
 e �
\XvZwZ\ x7[ W�� � � <

e�� � � vb� h Wi
←

� � �=~7�ty�|�{&+@��|&%;�=~��;~����;y=�=�0� y7�.y4� �=� �;~�W �
W �
←

W �
− � i  
O" ��� � ← y7�$�;yZ�X~���� ~��_�;�7�Z��~;�7� ' �.y �;���2�¦|.~.{7y � ������| i

� ← � "Ae � 
W"��� ← � "Ae � 
 � �� � 
 w ¡=w i � �bg��;j 
 � � � ��� vZ  ¡ h �
cbi���	;i,
 � � � �
� ← � [ � i  

� ��w
� ��w

� ��w
© ° ²+\8[(­�±�_
· `¹Æ2´�� oEkpqnsX{buC�Zqno3vfwf{�zE{�wfo�¨�k��(u2�1��shqJwfoO�½� �(�h�b{�kpsX}p�frto�wfo��ykpvfq��b���9wfv�rt�(uÅvZoE�
��e /=ufsX}psX�hs����hshqp��}psh{bu wZoEq

n
oEufqno3r�mZ�Xo3q�wZsXq/��{bsXu�}pqC¦"�/���(sXwfo¹wfo3qH{(�t%Ek���}psh{bufqHwZo$r��(ufsX�Zvf����}psX{bu wfoqn{bvfq@, oEuZqnoEr�mZ�hoEqlwfshq/��{bshu�}pq�¤

Θ(n)
e

��e ¹
oEr��Zq�¦��½� shu�}(%�kpshoEvfk wfo�����m {(vZzE�ho \ZvZwX\ x7[;W ¤�{buH�
m
sX}(%�k���}psh{bufq�w+��uZq �Xol�ZsXkpo�z3�(q�*/qns�{(uHwf{bsX}o45f�(rtsXuZo�k }p{bv;}po3q �hoEq ��k R }po3q)-91ÅoE} ¦�z��Z�b£Åvfols�}(%Ek���}psh{bu�{buºvf}psX�hsXqno��Xo3q {(�t%Ek���}psh{bufq � "Ae � 1 i � �bg��;j{bv½c.i���	;i�wfotr���uZs��ZvZ�h��}psh{(u wfotqn{(vZq@, oEufqno3r�m+�Xo3q�wfshq/��{bshu�}pqEeO�
�CzE{br��Z�XoB5;s�}(%�wZo�z3o�}n}po��+��kn}psXoqno�k���wf{bufz

Θ(m lg∗ m)
*®|�{bsXk �Z�hvfq�m+�(qB1�i�ufufoB5�oli�1Å�^e�g � ¤�����z3{(r��Z�ho45;sX}(%loEq�} shufw %�� oEufwZ�(u�}powfv&uf{br�mZkpo w � s�}po3r�q�wZ�(ufq��/� oEufqno3r�mZ�Xo oE}Cw %E��oEuZw��X"$GLo)�b:)ln:4"$��wfv&uf{br�mfkpo w � {(�t%�k���}psh{bufqo43 oEz�}pv$%EoEq)-�e

�-��kpzEoH£Åvfo
m ≥ n − 1

1�zb� o3q�}�wf{bufzº�ho�}nkps�£Åvfs�wf{brtsXufoH�Xo�}po3r��Zq�w � o45;%3zEv;}psh{bu�*/uf{(}p{bufq�£Åv � {bu�(v;k��(sX}��Xoºr R rto�k(%EqnvZ��}���}�qns {bu vf}psX�hsXqp�(sX}�vfufo �Z�hoºwfo��fkpsh{(kps�}(%�-�eC�y{bufz=1
W (m, n) = Θ(m lg m)

e
¹
{bv;}poE¨®{bsXqB1fw+��uZq �ho��Zs�kpoOz3�(qB1;�hoyuf{br�mfkpoyw ����k R }po3q

m ∈ Θ(n2)
! �Xo��ZsXkpoyz3�(q�oEq�}�z3oE�hvfs�w � vfu��(k����Z�foz3{br��+�XoE}A1(z(� oEq�}&,¼¦�, wfsXkpo�w � vZu��(k����Z�fo�{=<�z��Z�b£Åvfo qn{brtrto�}�oEq�}
kpoE�hsD%�¦Jz��Z�(z3vfu�wfoEq��(v;}nkpoEq
qn{brtrto�}pqEe��
�z3{br��+�XoB5�sX}(%�wfv��ZsXkpo�z3�(q9��oEv;}
wf{bufz���vZqnqns R }nkpo-oB5Å�ZkpsXrO%Eo��+��k

W (m, n) ∈ Θ(n2 lg n2) = Θ(n2 lg n)
e

§º�-kpo3v;|�oO£Åvfoy�½� �(�h�b{�kpsX}p�frtoOwfoy�Okpvfq��(�(���fkp{�wfvfsX}SvZuC��knmZkpoy{(�f}pshr��(��¤ � {(sXk��9o3r�rtoydfe���*®�^e^g3��d�wZvr��(uÅvfo3� -SoE}�¹�� %3{(kp¥Erto�d;e��¼*®�^e!g1�b�twZv�r��(uÅvfo3� -918�ZkpoEv;|�o�o3ufzE{(kpo�m+�(q&%Eo�qnv;kO����uf{(}psX{bu$w^� o3ufqnoEr�mZ�ho�Zkp{(rtoE}n}poEv;kA1 �3|�oEz��fkpoEvf|bo��+��kyshufwfvZz�}psh{(u¹qnv;ky�hoEqywfsX|�o�kpqnoEqysX}(%�k���}psX{bufqEe��
�t�Zkp{��Zkps�%E}(%Hg���oEvf}O��vZqnqns
R }nkpoOv;}psh�hsXq&%3oy��{bv;k���vZq�}ps��ZoEkJ�Xo�¨/�(s�}l£Åv � vZu�k(%3qnvf�X}���}J{(�f}pshr��(�^oEq�}S�fkp{�wfvZs�}3e
T��/c�� o ��\�· Y
WZ[�W8­®µE\�¬5`f¬+±�[1` °¼VXW8° ²+\8[�­²±�_!· `$³9` � [�­½·M`�±º]b`f°/¯!­ ³
` ��[(¯9µ���W8°

© ° ²+\8[(­�±�_!· ` ��\�· Y�°²`
	
­�±1¿��kpshr
T (n) ∈ Θ(n2)�Okpvfq��(�(�
W (m, n) ∈ Θ(m lg m)
W (m, n) ∈ Θ(n2 lg n)

 lkA1fw+��uZqSvfu��(k����Z�fo�zE{bufufoB5�o=1f{bu���}p{bv���{bv;kpqS�����Zkp{��Zkps�%E}(%OqnvfsX|(�(u�}po=1f{=<
n
shufwfs�£Åvfo��Xo�uf{br�mfkpowZo�qn{(rtrto�}pqJo�}

m
�hoOuf{br�mfkpo�w ����k R }poEq�¤

n− 1 ≤ m ≤
n(n− 1)

2�O{(uZz�¤
g3�



•
�Ås

m
o3q�}��¼��oE}ps�}@#(1Z�(�h{(kpqS�½� �(�h�b{�kpsX}p�frto�wfo��ykpvfq��b���9oEq�}S�fk(%3¨ %Ek���m+�Xobe

•
�Ås

m
o3q�}��=�(k��(ufwX#(1+�(�h{(kpqS�½� �(�h�b{�kpsX}p�frto�wfo��-kpshr�o3q�}S�fk(%E¨³%�k���mZ�ho(e

')(�� +���� ? ,/7 E��05D1 <)1	� 7�

�C3	E�,���� ? :),�� 1 3�����:036>@? :), E 3 >��)14587�903
��oEz�}psh{buC{brtsXqnobe
')(�� �6,/<)? 909�� 90>@145D149 E6<)1 E�� >��)143
��oEz�}psh{buC{brtsXqnobe
')(#' +����0,/? >��)1;A ? ,�� >@1;AB3�(������0,2?C>��)1 <)1��0,2? � ,�� 585���E 7 ? 9 <"!B9�� 587$#%:)1&%

� 1'�0,/? .���(45D1 <0: 3)� >+* <)? 3

§-,l���f� oE�-¤��9oy�fkp{(mZ�h¥Erto�wfvCqp�(z�¦�wZ{(qJzE{bufqnshq�}po�¦�rt��5;shr�shqno�kJ�ho �Emt%Eu$%��Zz3o)#���{bv;|(�(u�} R }nkpoO{(mf}poEu�vo3u kpo3r��Z�Xshqnqp�(u�}�vfu@qp�(z��3|bo3zºwfsX|�o�kpq�s�}po3rtqEe ��z��Z�b£ÅvfoºsX}poEr�oEq�}��(qnqn{�zEsD%ºvfu ���)"@� �º69:k*/vfu@o3u�}psXoEk� {(qnsX}psh¨9-�o�}ºvfu a$��GLM�`C*/vfu´oEuÅ}psXoEk���{bqns�}psh¨9-�e���� {(m;��oEzE}psX¨�o3q�}ºwfoCkpo3r��Z�XsXkº�ho�qp�(z$¦ wf{bq�wfo�¨/���E{bu ¦r���5;sXrtshqno�k��ho�m2%Eu %��ZzEo=19r��(shq�qp�(ufq�w$%��+�(qnqno�k��ho���{bshwfq�r���5;sXr�vfr � {(vf|(�(u�} R }nkpotz3{(uÅ}poEuÅv wZ�(ufq��Xoqp�(zbe
����uZq�����|�o�kpqnsh{(u �9J(8K64�rGL��"$"t8�G J(:�wfoHzEo��fkp{(mZ�h¥Erto=1�sh��oEq�}���o�kprtshq�wfoº�fkpo3ufw;kpoHvfufoº�+��kn}pshoºw � vfusX}poEr *®�+��k�oB58eD1�{(u"�C}nkp{bshq��;sX�h{bq�wfo�qnvZz�kpoºoE}�{bu@rto�}�qno3vf�hoErtoEu�}�vfu �;sh�X{�w+��uZq��hoºqp��z�-�eC����uZq����|�oEkpqnsX{bu���§+g�1ZvZuCsX}poEr�wf{bsX} R }nkpoy�fkpshqJoEu�oEu�}psho�kJ{bvC�+�(qSwZv�}p{bv;}3e

§ µ {(kpr�vf����}psh{bu��=%Eu$%�k��(�Xo�wfv��fkp{(mZ�h¥Ertot¤�{bu�qnv;�f��{bqno�£Åv � {bu�� n
sX}poErtqEe��Å{bsX}

S = {item1, . . . , itemn}

wi =
� {(shwfqJwfoO�½�

itemi

pi =
m2%Eu %��ZzEo�wfoO�½�

itemi

W =
��{bshwfqJrt��5;shr�vZr���{bv;|(�(u�} R }nkpoyz3{bu�}poEuÅv�wZ�(ufqJ�hoOqp�(z
{=<

wi, pi

oE}
W

qn{bu�}lwfoEqJoEu�}psho�kpqS��{bqnsX}psX¨®qEe
�
oy�fkp{(mZ�X¥3rto�oEq�}JwfoO}nkp{bv;|�o�kJvZuCqn{bvfq@, oEufqno3r�mZ�Xo

A ⊆ S
}po3�^£Åvfo

∑

itemi∈A

pi

oEq�}Jr���5�shrtsXq&%�qn{bvfqJ�h�tzE{bu�}nk��(sXuÅ}po ∑

itemi∈A

wi ≤W

§��Å{b�hv;}psh{(u uZ�/.½|�o * �4J)�;�!:)�B��J(69:�-�¤�o3qnqp�E¢�oEk�}p{bvfq��hoEq�qn{bvfq@, o3ufqnoEr�mZ�hoEq���{bqnqnsXmZ�Xo3q�w � s�}po3rtq�o�}A19�+��kprts}p{bvfq�zEoEv 5�£Åvfs8qp��}psXqn¨®{bu�}�����z3{(uÅ}nk���shu�}poE*/qn{(rtrtoywfoEq���{bsXwZq�shuf¨³%�kpshoEv;kpoy¦
W

-91�z��f{bshqns�kJ���h{(kpq�z3oE�hvfs�£Åvfsr���5;sXrtshqno��Xo�mt%Eu$%��Zz3o(e?�!��zE{br��Z�ho45;sX}(%�w � vfufo�}poE�h�Xo�qn{(�hv;}psh{bu$qnoEk��(s�}yo45���{bufoEuÅ}psXo3�X�ho�o3u$¨²{bufzE}psX{bu$wZvuZ{(r�mfkpo�w � s�}po3rtq�*/�hoOuf{br�mZkpo�wfo�qn{bvfq@, oEufqno3r�mZ�Xo3qlw � vfu�oEuZqnoEr�mZ�ho�wfo
n
%3��%3r�o3u�}pqJoEq�}

2n -�e
��{(}po�¤O�O�(ufq�zEot£Åvfs-qnvfsX}A19{bu qnv;�f��{bqno�k���£�vZo��h�Cqn{(rtrtotwZoEqy� {(shwfq�wfoEq�s�}po3r�q�oEq�}�qnv;�t%EkpsXo3v;kpo��(v� {(shwfqS}p{(}����

W
e�i�v;}nkpo3r�o3u�}Oe3eEeJsX�^u^� ¢C���+�(qSwZoO�fkp{(mZ�X¥3rton*/{(uC��oEv;}S}p{bv;}S�fkpoEuZw;kpo�-�e

T��XT��/c © Y!Y
[�\^](_^`$a8\8[1W+]b`�W8¯ Y
[�\8¸!°10;· `¹³!¯ µEW+]32 ³
\8µ54�6!c
il�Z�fkp{�z��fo3q���{bqnqnsXmZ�hoEq�*®|�{bs�kJ����qn{b�Xv;}psh{buC��{bv;kJ�hoy�Zkp{�m+�X¥3r�o�¨²k��(z�}psh{bufuZ�(s�kpoO��{bv;kJ�hoEqJw %�}��(sh�Xq)-l¤
•
���f{bshqns�kloEuCrtshufshr�shqp�(u�}l�hoO��{bsXwZq

•
���f{bshqns�kloEuCr���5;sXrtshqp�(u�}l�hoymt%3u %��Zz3o

•
eEe3e

g�d



•
���f{bshqns�kJo3uCr���5;shrtsXqp�(u�}l�XoOk����f��{(kn}Smt%Eu$%��Zz3o��1��{bsXwZq�*®mt%Eu %��ZzEoyk(%3qnvf��}��(u�}S� {(vfkJz��Z�b£ÅvfoOvZufs�}(%wfoO��{bsXwfq)-

��s�{bu vf}psX�hsXqnotvfuZot���f�Zkp{Åz��fotqnoEr�mZ����mZ�Xot��{bv;k��ho��fkp{(mZ�h¥Erto���§8g�19�+��k�o45;o3r��+�Xo�����wfoEkpufsh¥�kpot£Åvfs}po3u�}po�wfo�r���5�shrtsXqnoEk
��� k����f� {�kn}9mt%3u %��+zEo��1��{bshwfqB1�����qn{b�hv;}psh{(u�k(%EqnvZ��}��(u�}po�uZo�qno�k����+�(q9u %Ez3oEqnqp�(s�kpo3rtoEu�}{(�f}pshr��(�Xobe
TU5;oEr��Z�ho
* µ sh�bv;kpoOdfe�g3�X1f�9e^g   wfv�rt�(uÅvZoE�³-l¤
• W = 30

• S = {item1, item2, item3}

•
��{bsXwfq�¤

w1 = 5
1
w2 = 10

1
w3 = 20

•
�p%Eu %��ZzEo3qO¤

p1 = 50
1
p2 = 60

1
p3 = 140

•
,l���f��{(kn}Smt%3u %��+zEo��1��{bshwfqO¤

r1 = 10
1
r2 = 6

1
p3 = 7

��{(�hv;}psh{bu�|�{�k��(z3oy|;qEeZqn{b�Xvf}psX{bu�{(�f}psXr��(�ho�¤
•
�Å{b�hv;}psX{bu�|�{(k��(zEot¤ ��%3u %��+zEoyk(%3qnvf�X}���uÅ}�PLgA¶(� *®��{bshwfq?P �b�Z18�E|�o3zO�hoEqJs�}po3r�q�gOoE}��=-�e

•
i�v;}nkpoyqn{b�hv;}psh{(uC��{bqnqns�mZ�ho�18£�vZs o3�X�hoOoEq�}S{(�f}pshr��(�Xot¤ �p%Eu %��ZzEoyk(%3qnvf��}��(u�}�P �(�b� *®��{bsXwfql�(���3|�oEz�hoEqSsX}poErtql��oE}��=-�e

T��XT�� ^ © Y!Y
[�\^](_^`$a8\8[1W+]b`�W8¯ Y
[�\8¸!°10;· `¹³!¯ µEW+]32 ³
\8µ��¼[1W+](±�­²\�¬!¬^W8­®[�`
� vfshqp£Åv � {(u$��oEv;}��fkpoEuZw;kpo�wfoEq�¨�k��(z�}psh{bufqlw^� sX}poErtqB1�qns
{bu¹��qnv���qp�(r�rto3u�}Ow � s�}po3rtqB1��(�h{�kpq�{bu���{bv;knk��}p{bv���{bv;kpqSkpoEr��Z�hs�klzE{br��Z�h¥�}poErto3u�}J�Xo�qp�(z(e
��{(�hv;}psh{bu���{bv;k �½� o45;oEr��Z�ho��Zk(%EzB%3wfoEuÅ}J¤

5 lbs×10 $/lb+20 lbs×7 $/lb+5 lbs×6 $/lb = 220$��kpo3r�sh¥�kpoO|�o�kpqnsh{(u ¤�i��X�b{(kpsX}p�frto�gE�;1+£Åvfs9oEq�}JvfufoO|�oEkpqnsX{bu�q��2%EzEs��(�Xshq&%Eo�wZo��/���(�X�b{(kps�}p�Zr�o��b�h{bv;}p{bu�=%3u %�kps�£Åvfoy�fk(%3qnoEu�}(%�¦��½� �(�h�b{�kpsX}p�frto���e
�OoEv;5;sh¥Erto�|�o�kpqnsh{bu6¤�i��h�b{(kps�}p�frto gbg(e ��o�}º�(�X�b{(kps�}p�Zr�o�oB3�oEzE}pvfo��(v �Zk(%3�(�h��mZ�ho�vfu5}nkpsSwfoEqEesX}poErtqB1^}nkps-£�vZs!qE� o43 oEz�}pvZo�qnv;k����ºm8��qno�wfo3qO£Åvf{(}pshoEu�}pqymt%Eu %��ZzEo��1��{bsXwfqEe�¹
{(vf}poE¨®{(shqB19o43�o3z�}pvfoEkyvfu¹}po3�}nkps zE{br��Z�ho�}Su � oEq�}��+�(q }p{(v(��{bv;kpq�u %3zEoEqnqp�(sXkpoO*®�+��kSo45;oEr��Z�ho�1fqns��hoyqp�(zyufoyz3{bu�}psXo3u�}A1fvf�X}psXrto3r�o3u�}A1f£Åvfo£Åvfo3�h£Åvfo3qSvZufqSwZoEqJs�}po3r�q��8��kprts^�½� oEufqno3r�m+�Xo�}p{(}����³-�e

+ ��� ? ,/7 E��05D1 � ? :), 3)� >+*D<)? 3�� ,�� >�E 7 ? 909�� 7 ,21 ��A 14>�� � 1 <)1 �0,/7 ? ,/7 E
	
� � �(�h�b{�kpsX}p�frtoCg3���Zk(%EqnoEuÅ}po�vfuZo�|�o�kpqnsh{bu$k(%E|�shq&%Eo�wZo��½� �(�h�b{�kpsX}p�frto���{bv;kO�ho��fkp{(mZ�X¥3rto�wfv¹qp�(zt¦ºwf{bq¨²k��(z�}psh{bufuZ�(s�kpo=1fz3o�}n}poO¨®{(shqJoEuCv;}psh�hsXqp�(u�}lvfufo"�Z�hoOwZoO�fkpsX{(kpsX}(%
*®|�{bs�kJi�uZufo45;o"� -�e

�!��zE{br��Z�XoB5;s�}(%Owfo��½� �(�h�b{�kpsX}p�frtoy|�{(k��(zEoOk(%Eqnvf�X}��(u�}JqnoEk��
Θ(n lg n)

e
T��XT�� o © Y!Y
[�\^](_^`¹³
`¹Y
[�\b²8[1W8· · Wf±�­²\�¬ ³4

¬9W+·@­®À9¯^`�W8¯ Y
[�\8¸!°10;· `¹³!¯ µEW+]32 ³
\8µ54�6!c
� {bs�kJk(%EqnvZrE%�wZv$���Z���ZsX}nkpo���e

g3�



� h ¡���WZVK[ h W � d�" � j 
 � � j�i=f � w g=f  ,� � d�" � j � j=i � �$i�e��=i � w gKf  � � � w g=f
�b¡ � \��X¡=wKV.��\b�K¡�w
� ¨ � [�� 
x" ��w � ��� � d�" � j �_"
���

� h ¡���WZVK[ h W j�d��!�;f&"�d�eh
 � � j=i=f � w gKf  ,���B� w gKf � � d�" � j � j�i � �bi�e&�=i � w g=f  � � � Y dZd��KiZg�e
�b¡ � \��X¡=wKV.��\b�K¡�w
���=¨ �0� d " � j 
 � � � d�" � j��0¨ �

� h ¡���WZVK[ h W j�i��Ki���f�"�d�eZebi���
 � � j�i=f � w g=f  ,� � d�" � j � �bi�e$i � j � j�i � �$i�e&�=i � w g=f  � " � w gKf
�b¡ � \��X¡=wKV.��\b�K¡�w

benefs[i]
poids[i]

¨ �Xv�$b���=[�� 
 � ��w � ��� benefs[j]
poids[j]

�

� h ¡���WZVK[ h W Y i�e$i � "��=i � g�� 
 �2� w g=f � � d�" � j � �$i�e$i � j � j�i � �bi�e&�=i � w g=f  � � 
4j�i=f � w g=f  =� w gKf&�
� h W��X¡�wZV.��\b�=¡=w
�Ki�e�	Zf � 
 � d�" � j��0¨ �Ki�e�	Zf � 
E�$i�ebi � j�� ¨�e
∑n

i=1 poids[i] > WVXWZY=[ \
�
← � � � ��� ��� e  �
← �� �$i�e$i � ← �\ZvZwZ\ x�[;W ��� ¨ �� WX\�� j=d��!�;f�"=d�eh
 � � �h� � d�" � j�� � vb� h W"
←

j�i��Ki���f�"�d�eXe$i���
 � � � d " � j � �$i�e$i � j���
←

� � � "  �$i�ebi � ← �$i�e$i � 
 �t��w � � d�" � j �K"
� � � � � d�" � j 
 � � � d�" � j��  � benefs[i]
poids[i]�

←
� [ � "  

� ��wh WX\ ¡7[ h wKW h0
 � � �$i�e$i � �
� ��w
© °³²+\8[�­�±�_
· ` c�42´ i��X�b{(kps�}p�Zr�o��b�X{bv;}p{bu��=%Eu %Ekpsh£Åvfo�q��t%Ez3sh�(�hsXq&%O��{bv;kJqp�(z�¦�wf{bqJ¨�k��(z�}psh{bufuZ�(sXkpo

gA·



� h ¡���WZVK[ h W Y i�e$i � "��=i � g�� 
 �2� w g=f � � d�" � j � �$i�e$i � j � j�i � �bi�e&�=i � w g=f  � � 
4j�i=f � w g=f  =� w gKf&�
� h W��X¡�wZV.��\b�=¡=w

�Ki�e�	Zf � 
 � d�" � j�� ¨ �Ki�e 	Zf � 
E�bi�e$i � j�� ¨ e
∑n

i=1 poids[i] > WVXWZY=[ \
"�f;i�c2j

← �����������
	����
	�������	�������� � 	�����������	�������������������� �!��	"���$#%#&��� �!'��
�
��()�%�%	�*�#&��������$i�e$i � ← ��
← �� + ← �\ZvZwZ\ x�[;W + � � � vb� h W"
← � iZg � "�f;i�c�j

"�f;i�c2j
←

f;g�"�� "�f i�c2j
�
←

� [ � "  + � ← �.��w � � d�" � j �_"
� ��� � +  �$i�ebi � ← �$i�e$i � 
 + ��� �bi�e$i � j �_"
� ] � d�" � j �_"
�
+ ← + 
 + �

� ��w]Z]�� "�J(:B�!���XJ)"t:��@q :)"$`B:)l �B��:OMK:)`�Gr�!:4l�`�64F;��G `9G³`�:4�Q�D:����4"�� �Q69:��!���!8���8�`9`B�76)G��7u
h WX\ ¡7[ h wKW h0
 � � �$i�e$i � �

� ��w
© ° ²+\8[(­�±�_!· `´c+cb´ i��X�b{(kpsX}p�frto�|�{(k���z3o���{bv;kO�ho��fkp{(mZ�h¥Erto�wfv¹qp�(z�¦ºwf{bqy¨²k��(z�}psh{(uZuZ�(s�kpo�*®�fkpo3r�sh¥�kpo|�oEkpqnsX{bu�sXuZ¨²{(kprtoE�h�Xo�-

� h ¡���WZVK[ h W Y i�e$i � "��=i � g�� 
 �2� w g=f � � d�" � j � �$i�e$i � j � j�i � �bi�e&�=i � w g=f  � � 
4j�i=f � w g=f  =� w gKf&�
� h W��X¡�wZV.��\b�=¡=w

�Ki�e�	Zf � 
 � d�" � j�� ¨ �Ki�e 	Zf � 
E�bi�e$i � j�� ¨ e
∑n

i=1 poids[i] > WVXWZY=[ \
�;g=f�"�d$j

← � "��Ki � �&"�d���"�f i � �	�;iXi���
W��$¡7[ h "
←

� v e � v.� h W"Aetj=i��;i���
 �;g=f&"�d j � �$i�e$i � j �K"
� ] � d " � j �_"�� � " �
� ��w�$i�e$i � ← ��
← �� + ← �\ZvZwZ\ x�[;W + � � � vb� h W�;i=f&"!�;i�� � g�, W �Ki�cbi�e;f�
_�;g=f�"�d$j � � � "��
�
←

� [ � "  + � ← �.��w � � d�" � j �_"
� ��� � +  �$i�ebi � ← �$i�e$i � 
 + ��� �
+ ← + 
 + �

� ��wh WX\ ¡7[ h wKW h0
 � � �$i�e$i � �
� ��w
© ° ²+\8[(­�±�_!· ` cm^t´ i��X�b{(kpsX}p�frtol|�{(k��(zEo���{bv;kS�Xo��fkp{(mZ�h¥Ertoywfv�qp�(zO¦�wf{bq�¨²k���zE}psX{bufu+��sXkpoO�E|�o3z)�Z�hoywfo�ZkpsX{(kpsX}(%

g  



� � ?��CPB����B�?ON!P4��� FHD I����CI��fD���I^DSK ACBEDJI FCPEI
	���P���N!I
��R!DJBE?yN�P4���CI
F ����� ��P9
O?�BED���	 D��

��oEkn}��(sXufqº�(�X�b{(kps�}p�Zr�o3qB1��8��kºo45;oEr��Z�ho�1 �/���(�X�b{(kpsX}p�frtoCwZoC�Okpvfq��(�(� 1 wfoEr��(ufwfo3u�}ºwfoC��{bv;|�{bs�kºr���uZs>,�+vf�XoEk��hoEqlqn{bvfq@, oEuZqnoEr�mZ�hoEqywfsXq/��{bsXuÅ}pqlw � vfu$oEufqno3r�m+�Xo�wfo�m8��qnobe�T�u�w^� �(v;}nkpo3qlrt{(}pqB1.%�}��(u�}lwf{bufu$%�vZuo3ufqnoEr�mZ�ho�wfo�w %��8��kn}
U = {u1, . . . , un}

1 {bu$|bo3v;}���{bv;|�{bs�kOr��(ufs��+vf�XoEkOo ��z1��z3oErtoEuÅ}yvfu¹o3ufqnoEr�mZ�howZo�qn{bvfq@, o3ufqnoEr�mZ�hoEq
U1, . . . , Uk

}po3�Xqt£Åvfo��hoEq��fkp{(�fkps�%E}(%Eq�qnvfsX|(�(u�}poEqtqn{(shoEuÅ}tqp��}psXqn¨/�(s�}po3q�*®�fkp{(�fkpsD%�}(%3q£Åvfs w %��+ufsXqnqno3u�}JvfufoEJ(:4�D8��rG ��"}M q �9o)�;G I�8���:4".69:�oEuÅ}nkpoy�Xo3qp%E�D%ErtoEu�}pqB1;kpo3�h��}psh{bu�£Åvfs�shufwfvZs�}Svfufo?a$8�J4�rG³�rGL��"wZoEqJwfs�|�oEkpq�%3��%3r�o3u�}pq)-�¤
g(e

Ui 6= {}��e
i 6= j ⇒ Ui ∩ Uj = {}

��e k
⋃

i=1

Ui = U

�Oo��+�XvfqB1+{buC|�oEv;}l��vZqnqns R }nkpoOz1���8��m+�Xo�w � oB3�oEzE}pvfo�kJ�Xo3qS{(�t%Ek���}psX{bufqSqnvfsX|(�(u�}po3qSwZo�¨®���E{buCo ��z3�(zEot¤
•
,Jo3z��foEkpz��fo�¤m%�}��(u�}�wf{bufu %�vfuk%E�D%Erto3u�}

uj

1
{(u |bo3v;}�}nkp{bv;|�o�k��/� oEufqno3r�mZ�Xo
Ui

�(vZ£ÅvfoE�
uj

��� ,�+��kn}pshoEu�}�*/shwfoEuÅ}ps��Zz1��}psX{buCwfo��h�tzE���(qnqno�w � %1£Åvfs�|b�(�Xo3ufzEoOw � vfu %E�D%ErtoEuÅ}4-�e
• µ vZqnsX{bu´¤�%�}��(u�}�wf{bufu %ºwfo3v;5 qn{bvfq@, o3ufqnoEr�mZ�hoEq Ui

o�}
Uj

1!{bu |�oEv;}��hoEq�¨²vfqnsh{bufufoEk�oEu vfu qnoEvZ�qn{bvfq@, oEuZqnoEr�mZ�ho+*/¨²{(kpr���}psX{buCw � vfufo�uf{bv;|�oE�h�ho�zE����qnqno�w^� %1£�vZs�|b���hoEuZzEo�-�e
•
��{br��+��k���shqn{bu ¤U%E}���uÅ}Jwf{bufu %�wfo3v;5�qn{(vZq@, oEufqno3r�m+�Xo3q

Ui

oE}
Uj

1Z{bu�|�o3v;}S��{bv;|�{bs�klw %�}poEkprtsXufoEkwfoC¨/���E{bu´o ��z3�(zEo�*®}poEr��Zqtz3{bufq�}��(u�}
Θ(1)

-�qnsJzEoEqtwfo3v;5 qn{bvfq@, o3ufqnoEr�mZ�hoEqºqn{bu�}n%3����v 5_*/qE� sX�hqw %3uf{(}poEu�}J����r R rto�zE����qnqno�w^� %1£�vZs�|b���hoEuZzEo�-�e
•
/=ufsX}psh�(�hsXqp��}psh{buC¤��(vtw %E�+��kn}A1�{bu�|�oEv;} ¨®�(sXkpoSoEu�qn{�kn}poJ£Åvfo

Ui = {ui}
*/z��Z�b£�vZo�%E�D%ErtoEu�} oEq�} wZ�(ufqqp���fkp{(�fkpo�zE���(qnqno�w � %3£ÅvfsX|(�(�Xo3ufzEo�-�e

����uZq�vfu@}poE� }=¢���oHwfoHwf{bufu$%EoEqB1 �hoEq�{(�t%�k���}psh{bufq�z3��%3q�{(uÅ}�wf{bufzH�½� �(�h�XvfkpoHqnvfsX|(�(u�}pok*®|boEkpqnsX{bu"wZvr��(uÅvfo3�r1+w %3z�kpsX}poy�Z�hvfqJoEuCw$%�}��(sX�9¦��½����uZufo45;o�� wZvCr��(uÅvfo3�r1Z�f�^e8� � ¶1§��=¶ � -l¤
• initial(n)

¤
z�k(%3o
n
qn{(vZq@, oEufqno3r�m+�Xo3q-wfshq/��{(shu�}pqB1Åz��Z�(zEvZu�zE{bu�}poEu+��uÅ}-vfufo |(�(�Xo3v;k-zE{br��fkpshqno o3u�}nkpo

1
o�}

n
*®kpo��Zk(%EqnoEuÅ}���uÅ}Jwf{bufzO�hoEqJwfsX|boEkpq

Ui = {ui}
-�e

• p = find(i)
¤
p
J���� �)J9:�¦��½� o3ufqnoEr�mZ�ho�zE{bu�}po3uZ�(u�}J�½� %3��%3r�o3u�}lw � shufwfoB5

i
*/z(� oEq�}&,¼¦�, wfsXkpo�1Z�h��z3�h�(qnqnow � %3£ÅvfsX|(�(�hoEufz3o�� {(vfkJ�/� %E�D%ErtoEuÅ}

ui

-�e
• merge(p, q)

¤-¨²vfqnsh{bufufoO�hoEq�wfoEv 5ºoEufqno3r�m+�Xo3q�oEu�vZu�qnoEvf� qn{(vZq@, oEufqno3r�m+�Xobe il�fkp¥Eq��½� oB5;%EzEvf}psX{bu21
p
o�}

q
J �����4J(:)"b���(�X{(kpql��v�r R rto�qn{(vZq@, oEufqno3r�m+�Xobe

• equals(p, q)
¤ºkpo�}p{bv;kpuZo / h vb� qns�o�}tqnoEvZ�Xo3r�o3u�}tqns p

oE}
q
k(%E¨®¥�kpoC�(v r R rto�qn{bvfq@, o3ufqnoEr�mZ�ho

*/w %3uf{(}poEu�}J�h�tr R rtoOzE���(qnqno�w � %3£ÅvfsX|(�(�Xo3ufzEo�-�e
�!��rtsXqnoHoEu@{�o3v;|�kpo�w %3z�kpsX}po�w+��uZq��½� �(ufufoB5;oC� wfv@r��(uÅvfo3��v;}psh�XshqnoºvfufoHq�}nkpvfzE}pv;kpoºwfoºwf{bufu %3oEq���f� oE�D%EoOvZufoC�B��JK�B��M q 8�JG�)J(:4`�G³"$I�:4J)`��(:4`
*/vfu�oEuf¨/�(u�}S��{bsXuÅ}poy|�o�kpqSqn{buC�+��kpoEu�}A1+�(�X{(kpqJ�h��k��(zEshufoO��{bsXu�}poqnshr��Z�hoErtoEu�}�|boEkpq�o3�X�ho4, r R r�o�-�e � ufo$}po3�X�ho¹q�}nkpvZz�}pv;kpo¹��oEv;} R }nkpo$k(%3�(�Xshq&%Eo ¦"�½� �(shwfo w � vfu }���mZ�Xo1�(vw^� sX}poErtqB1�wf{bufzº�+�(q�u$%EzEo3qnqp�(s�kpo3r�o3u�}��3|bo3zº�(�h�X{�z1��}psh{bu w;¢;uZ�(rts�£�vZoºo�}���{bsXuÅ}poEv;kpq�*/zE{brtrtot� {(vfk�vZurt{bufz3o3�(v21Zqp�(vf¨�£Åvfo��/� {(kp����uZsXqp��}psh{(u�wfo3qSsX}poErtqJoEq�}Jwfs�3t%EkpoEu�}po�-�e

g �



�
oEq�w %�}��(sh�Xq�wfot���CrtsXqno�oEu {�oEvf|Åkpotw � vfufot}po3�X�hotq�}nkpvfz�}pvfkpo�wZotwf{bufu %3oEq�w %��8��qnqno3u�}��Xo�z3�(w;kpotwZv�Zk(%EqnoEuÅ}�zE{bv;kpq¾*®|�{bsXk �/� o45;oEr��Z�hol�fk(%3qnoEu�}(%yoEuHzE���(qnqno��;vfuZol�fk(%Eqno3u�}���}psX{buº�+�Xvfq�w %�}��(sh�X�D%Eo�qno�k��(s�} �Z�hv;}('(}�ho�qnv���o�}ºwfv zE{bv;kpqn/ � µ  ��dZg ��}nkpvfz�}pvfkpoEqºwfo�wf{bufu$%EoEq)-�e� �u5��o3v;}�}p{bv;}poE¨®{bsXq�rtoEuÅ}psX{bufufoEkH£Åv � vfufortshqnoºoEu {�oEvf|Åkpo�u+� .½|�o���o3v;}�zE{bufwfvfsXkpoH¦Cwfo3q�k(%Eqnvf�X}���}pq�}poE�hq�£�v^� vfuZo�{(�t%Ek���}psh{bu wfotkpoEz��fo�kpz��fo�qn{bsX}wZoO}poEr��ZqS�hsXu %1�(s�kpobe�����klzE{bu�}nkpo=1fo3uCqE� �(qnqnv;k��(u�}l�+��kJwfsX|�o�kpqno3q�}po3z��fufs�£ÅvfoEq�*/¨®vfqnsX{bu�£Åvfs }pshoEu�}Jz3{(r��f}powZoº����}���sh�h�XoºwZoEq�o3ufqnoEr�mZ�hoEq�¦�¨®vfqnsX{bufuZo�k�oE}�zE{br��fkpo3qnqnsX{bu"wfo3q�z��foErtshufq��h{(kpq�w � vfufoºkpoEz��fo�kpz��fo�-Owfortshufshr�shqno�kJ�ho��Z�hvfq���{bqnqns�mZ�hoO�h���Z�(v;}poEv;kSwfo3qS��knmZkpoEq�shu�|�o�kpq&%3q�r��(ufsX�Zvf�D%EqB1Z{buH��o3v;}�oEu���knkps�|�oEkS¦�vfufortshqno�o3u�{Åo3v;|�kpoy�Z�XvZqJo ��z3�(z3o(e�� �XvZqS�fk(%Ez3sXq&%3rtoEu�}A1f� {(vfkJvfuZo�q&%�kpsho�wfo
m
{(�t%Ek���}psX{bufq

equals
1
find{bv

merge
1;����z3{br��+�XoB5�sX}(%l��o3v;} R }nkpo

O(m lg∗ m)
1;{=<�����¨²{bufzE}psX{bu

lg∗ m
oEq�}�w$%��Zufshoyz3{(rtrtoyqnvfs�}O¤

lg∗ m = min{i : t(i) ≥ m}

t(i) =

{

1 si i = 0
2t(i−1) si i ≥ 1

� � �(uZ�(�X¢;qnotw %E}���sh�h��%3o�wZot���CzE{br��Z�ho45;sX}(%�wZotzEoE}n}potq�}nkpvfz�}pv;kpotwfo�wf{bufu %3oEq�o�}�wfo3q�{��2%�k���}psX{bufq��(q@,qn{�z3s�%3oEq�kpo1£�vZsXoEkn}y�/� v;}psh�Xshqp��}psX{bu w � vfufo�}poEz��fufs�£�vZo����Z��oE�D%Eo 8�"t8�� N�`B:
8�ln��J4�rG :�e��O�(ufqyvfuZo�}poE�h�Xo�¨®{(kpr�ow^� �(uZ�(�X¢�qno=1
{bu qE� shu�}(%�kpo3qnqno�uf{bu �+�(q�q�}nkpshz�}poErto3u�}�¦�����z3{(r��Z�ho45;sX}(%tw ���;"t:�{(�t%�k���}psh{bu MK��"$"@�9:)1
r��(sXq�+�Xv;}('(} ¦y����zE{br��Z�ho45;s�}(%�M q �X"t: `��4J)G :�M q �9a �)J(8��rGL��"$`�e�/=u�}pvfsX}ps�|�oErto3u�}A1�zEoEz3s;qnsX�bufs��ZoJ£Åv � {bu���oEvf}���oEkpr�oB,}n}nkpo £Åv � vfufo�{(�t%Ek���}psX{bu�wf{bufu %3o�qn{(sX}�vfu���o3v��Z�XvZq!zE{��;}po3vfqno�qns�{(u�o3q�}��(qnqnv;k(%�£Åvfo�zEo�z3{��f}���wZwfs�}psh{bufufo3�� {(vfknk�� R }nkpo�8�ln��J4�rG!qnv;k �½� o3ufqnoEr�mZ�hoJwfo3q�{(�t%Ek���}psX{bufqEe�����uZq��XoJz3�(q-�Zk(%EqnoEuÅ}A1Å�h�ym�{(kpufoJ�(q�¢;r��f}p{(}psh£ÅvfouZo���{(kn}po�wf{bufz��+�(qyqnv;kOvfu ���f��o3�!q��t%3zEs��+£Åvfo�¦Hvfufo�{(�t%�k���}psh{bu$wf{bufu %3o�1 r��(shql��{(kn}po��Z�Xvf}('�}Oqnv;kO�Xoz3{��;} ��{bv;k�oB5X%3zEv;}poEk?*½���fkp¥Eq��/�����f��o3�+¦
initial

-�vfufo�`��4J)GL:lwZo
m
{(�t%Ek���}psh{bu

equals
1
find

{bv
merge

1����m {�kpuZo¾%�}��(u�}l�(�h{(kpqSwfo
O(m lg∗ m)

e
��{(}po�¤9�O�(ufq^�ho-�hsX|Åkpo�wfo���{(kprtoEu21��9oEshqno�kpqn{bu�oE} ,JsX|�oEq�}A1���� m�{(kpufo�rtoEu�}psh{bufu %Eo�oEq�}9�Z�Xvf}('�}

O(m lg∗ n)
e

¹
{bv;}poE¨®{bsXqB1b���lzE{bufq�}nkpvfzE}psX{bu�wZo��½� o3ufqnoEr�mZ�ho shufsX}psh�(��qno�¨/�(s�}!�Z�hv;}('(}-¦l�½� �(shwfo�wZo
n
���f��oE�hq�¦lvfuZo�¨®{bufz�}psh{buw^� shufsX}psh�(�hsXqp��}psh{(u���{bv;k zEk(%EoEk vfu�oEuZqnoEr�mZ�hoJqnsXuZ�(�ho�}p{bu¼*®�Z�hv;}('(}�£�v^� �3|�oEzJvfu�vfufs�£Åvfol���f��o3�+¦

initial
-!o�}�hoOuZ{(r�mfkpo

m
w � {��2%�k���}psX{bufqSsXuZzE�hv;}J�(vfqnqns^z3oEq

n
���f��o3�XqSw � shufsX}psh�(�hsXqp��}psh{buCwZoy�½� oEufqno3r�m+�XobeU�
o�k(%Eqnvf�X}���}o3q�}Swf{bufzm%3£ÅvfsX|(�(�hoEu�}3e���{(}p{bufqS�(vfqnqns9£ÅvfoO�/���(uZ�(��¢;qnoOwfoO�h��|�o�kpqnsh{buH�+�XvfqSo ��z3�(zEoOwfo3rt�(ufwZo��+�XvfqnshoEvfkpq�8���bo3q�* � -�w � �(uZ�(�X¢;qno�r���}p�$%Er���}psh£Åvfo�w$%�}��(sX�h�D%Eo�18oE}lzEo�89a.J��)`�£Åvfo��hoEqluZ{�}psh{bufqlwfo�m+�(qno�wfo��½� �(uZ�(�X¢�qno�(rt{(kn}psXo��(shoEu�}Jw$%��n¦�%E}(%y�fk(%3qnoEu�}(%3oEqSwZ�(ufqlvfuCz��+���+s�}nkpoO�fk(%3zB%3wfoEu�}�e3eEe

��{(}po�¤��O�(ufq �holr��(uÅvfoE��*½���Z��oEufwZsXz3oy��-91����Om {�kpuZoJrto3u�}psX{bufu$%Eo�oEq�}��Z�hv;}('(}
O(m lg m)

e��9o�wfo�kpufsho�k�8��k��(�(k����Z�fo�wfo��/���(ufufoB5�o�� rtoEu�}psh{bufufot}p{bv;}poE¨®{bsXq��/� o45;shq�}poEufz3otwfo��h��}po3z��fufs�£ÅvfotwZo�a$8��rFC69��l a.J9:)`
�`9GL��"$1�£Åvfs-� o�kprto�}�w � {�mZ}poEufsXk�vfufo�rtshqno�o3u {�oEvf|Åkpoº£Åvfs qn{(sX}��fkpoEqp£Åvfoºwfot}poEr��Zq��Xshu %3�(sXkpo�o3u

m
*/�houZ{(r�mfkpoyw � {(�t%�k���}psh{(uZq)-�e ��oE}n}polrtshqno�oEuH{�oEv;|�kpo��3|bo3z a$8��rF+69��l?a.J(:4`(`9GL��"Co3q�}�mZshoEuHzEo3�X�ho�rtoEu�}psh{bufu %Eow+��uZqJ�Xo3q��8��k��(�(k����Z�fo3ql£Åvfs �fk(%3zE¥EwZoEu�}3e ��{(vfkl{(mf}poEufsXkJ����m�{(kpufo�rt{bsXuZqJq�}nkpsXzE}po

O(m lg m)
1Zsh�^qnv��t}qnshr��Z�hoErtoEu�}�wfoO¨®vfqnsh{(uZufo�kl�hoEqJ��knmfkpo3qSshu�|�o�kpq&%3qJwfo�¨®���E{bu�¦�rtshufsXrtshqno�kl�����+��vf}poEv;kJwfo��/����knmfkpoOk(%EqnvZ�>,}��(u�}A18zEo�£Åvfs9qno�¨®�(sX}lqnshr��+�Xo3r�o3u�}�o3u�¨/�(sXqp�(u�}l��{bshu�}po�k�����k���z3sXuZo�wfv��Z�hvfqJ��o�}psX}���knmZkpo�|�o�kpql�h��k��(z3sXufowZv��+�Xvfql��k��(ufw^e

� � P3B�DJILF�D �CR�P4��R�P�N � D N��m� � R!?ON!P4����IL?�I
I��
	 P � DJI
�Oo�uf{br�mZkpoEv;5@�fkp{(mZ�h¥Erto3q�wfoEr��(ufwfo3u�}twfo�r��(ufsX�Zvf�ho�ktwZoEq�o3ufqnoEr�mZ�hoEq�w^� %3��%3r�o3u�}pq�oE}�wfoH� {(vf|b{bsXk�(qnqn{�zEsho�k�¦�zEoEq�wfs�3t%�kpo3u�}pq�%3��%3r�o3u�}pq�vfu "$G I�:98��¦MK:ma.J)G ��J)Gr�
��e��9{(kpqp£Åv � vfu sX}poEr�wf{bs�} R }nkpo�kpoE}ps�k(%�wfo�½� oEufqno3r�m+�Xo=1�zb� o3q�}y�(�h{�kpq��Xo�ufsX|�o3�(v$wfo��fkpsh{(kps�}(%���qnqn{�z3s�%���v 5CwfsX|�o�kpq?%3��%3r�o3u�}pqy£Åvfs
w %E}po�kprtsXuZo��Xo1£ÅvfoE�qnoEk��¹{(mf}po3uÅv e � ufo �Z�ho�wZo��fkpsh{�kpsX}(%�ufoCwZ{(sX}twf{bufz��+�(q R }nkpo�z3{(uZ¨²{bufwfvZoC�3|�oEzCvfufo �U��: ��� � � 1�{=<�½� {�kpwfkpolwfoJkpo�}nk��(sX}�wfo3qQ%E�D%ErtoEuÅ}pq�qnoJ¨/�(s�} qnsXr��Z�hoErto3u�} w+��uZq��/� {(kpw;kpolw � ��knkpsX|K%Eo�*
�UG³J)`)�

�
�(" �4�UG J)`)�

�
� �;�(-�e

§+�9o3qS{��2%�k���}psX{bufqSwZo�rt�(ufsX�Zvf����}psX{bu�w � vfufo"�Z�ho�wfoO�fkpsX{(kpsX}(%Oqn{bu�}l�Xo3qSqnvZs�|b��uÅ}poEq�¤
•
i j�f / " � i,
 � � �º¤��h� �Z�hoOwfoO�fkpsh{(kps�}(% � � oEq�}&, o3�X�hoy|;shwfo
	

•
"Aetj=i��;i���
 � � � � � i �H¤ shufqn¥�kpo��/� %E�D%Erto3u�}?iH�3¢��(u�}��h�tzE�D%|� */ufsX|�o3�(v�wfoO�ZkpsX{(kpsX}(%�- wZ�(ufqJ��� �Z�Xo
� � e

gA¶



•
cbg�, W �Ki�cbi�e;f�
 � � � ¤ kpo�}p{bv;kpuZo �/� %E�D%ErtoEuÅ}�wZ{(uÅ}��h� z3��% ��{bqnqn¥EwZo ���"|(�(�hoEv;k�*®� {(vfkC�ho3£Åvfo3�y����fkpsh{(kps�}(%�oEq�}4- r���5;sXr��(�ho(e
•
cbg�, � �Ki,
 � � �º¤-kpo�}p{bv;kpufo��h�tzE�D%Owf{bu�}J����|b���hoEvfkJoEq�}Jr���5�shr��(�Xobe
•
�;i=f&"!�;i�� � g�, W �Ki�cbi�e;f�
 � � � ���Zi � i��Ki�c �@¤$qnv;�f�fkpshrto�wZo���� �Z�ho � � �½� %3��%3rtoEu�}ºwf{bu�}H��� z3��%��{bqnqn¥EwZoO����|(�(�hoEv;kJr���5;sXr��(�hoOo�}SkpoE}p{bv;kpufoOz3o�} %E�D%ErtoEu�}lo�}J�h�tzE�D%�£Åvfs^�XvZs^oEq�}l�(qnqn{�zEsD%Eobe

f�� � i � "��Zi � ��"�d���"�f;i°¨ � f�� �����
�

� �;d��=i � ���;i �	�;iXi���
W� �;i=f����=etj � "��Zi � ��"�d���"�f;i � �
�~�$¡ � \��X¡�wKV.��\b�=¡�w
� e$i + 
 � � �
� � � ¨ �� 
� �;d��=i � ���;i°i j�f / " � i,
 � "��Zi � ��"�d���"�f;i � � � �;i=f����=etj �$dZd�� �
�~�$¡ � \��X¡�wKV.��\b�=¡�w
� ���=¨ � � � ¨ �� 
� �;d��=i � ���;i "Aetj=i��;i���
 � "��Zi � ��"�d���"�f;i � � � "Ae;f����Ki � "Ae;f i��Ki�c �
�~�$¡ � \��X¡�wKV.��\b�=¡�w
� � � ¨ � � � [ � 
����Ki � i��Ki�c �  
� �;d��=i � ���;i0cbg�, � �Ki,
 � "��Ki � ��"�d��&"�f;i � � � �;i=f����Ketj "Ae;f����Zi
�~� h W��;¡�wKV.��\.�=¡�w
� � i$j�f / " � i,
 � � �
�~�$¡ � \��X¡�wKV.��\b�=¡�w
� ���Zi_¨ �Xv�$.� �=[�� 
 
�� � i � ��w � � ��� � �

� �;d��=i � ���;i0cbg�, W �Ki�cbi�e;f�
 � "��Ki � ��"�d���"�f;i � � � �;i=f����=etj "Ae f�i��Ki�c
�~� h W��;¡�wKV.��\.�=¡�w
� � i$j�f / " � i,
 � � �
�~�$¡ � \��X¡�wKV.��\b�=¡�w
� � ¡ �ZW 
 ���Ki ��� 
����Ki � i��Ki�c � ��w � ��� ���Ki�¨ cbg�, � �Ki,
 � � � �

� �;d��=i � ���;i~�;i=f&"!�;i�� � g�, W �Ki�cbi�e;f�
 � "��Ki � ��"�d���"�f;i � � � �;i j "Ae;f����Ki � �;i j "7e;f�i��Ki�c �
�~� h W��;¡�wKV.��\.�=¡�w
� � i$j�f / " � i,
 � � �
�~�$¡ � \��X¡�wKV.��\b�=¡�w
� 
����Ki � i��Ki�c � ��w � � � � ���Ki_¨0cbg�, � �Ki,
 � � �O�
� � � ¨ � � � � � 
����Ki � i��Ki�c �  

� 
9Y�`�W+¸
µ�±�[1W8­�±O³
`�³
\�¬
¬9¿Å`�µ�cb´ ¹�¢���oEq-oE}��fkp{�zA%Ewfv;kpo3q���{bv;k�����r��(ufsX�Zvf����}psX{butwfo%�+�Xo3q-wfo �fkpsh{(kps�}(%
*/rtshqno�{�oEv;|�kpoO{br�shqno�-

�
oEq shu�}poEkp¨®�(zEo3q wfoyz3oEq {(�t%Ek���}psX{bufq ��o3v;|�oEu�} R }nkpo�w$%Ez�kpsX}poEq�wfo�¨/���E{buHvZuH��oEvH�Z�hvfq�¨®{�kprto3�X�hoE*½�3|�oEzvZufo�q�¢;u�}���5�o�wfoHq�}=¢;�ho+S$� �x� {(vfk��Xo3q�w %3zE����k���}psh{bufqB1�wf{bufzH}nk���uZqnr�shqnqnsh{(u5wfoH��� �+�XoC¦�r��(ufsX�Zvf�ho�kz3{br�rtot�fkpo3rtsXoEk���kp�bvfrtoEu�}A1!o�}��3|�oEz�vfufotq�¢;u�}���5;otwZotq�}=¢;�Xo � � i�����{bv;k��hoEqO�fk(%��3� {(q�}&, z3{bufwfsX}psX{bufq)-}po3�X�hoEql£Åv � sX�h�XvZq�}nk(%EoEqJwZ�(ufqJ�h��q��t%3zEs��Zz3��}psh{buCwfvC}=¢���o���mZq�}nk��(sX}�g�e
§ � u o45;oEr��Z�ho�w � vf}psX�hsXqp��}psh{bu w � vZufo��+�Xo��fkpsh{�kpsX}(%�oEq�}y�fk(%3qnoEu�}(%t¦H�½� �(�h�({(kpsX}p�frto�g1�X19£Åvfs�o43�o3z�}pvfo�vZu}nkps
w^� vfuZo�q&%1£ÅvfoEufz3o�w � %E�D%ErtoEuÅ}pq�oEu�v;}psh�Xshqp�(u�}yvfufo �Z�ho�wfo��fkpsh{(kps�}(%be /=�9o3q�}�shr�� {�kn}��(u�}ywfo�uf{(}poEk�£Åvfo���tzE{br��Z�ho45;sX}(%Owfo��½� �(�h�b{�kpsX}p�frto�wfoO}nkps k(%EqnvZ��}��(u�}J|(�����h{(kpqSw$%���o3ufw;kpo+MK:���8
lEG³`4:E:4"C�7:4�XI7J(:E6)F;��G³`9G :
ab���XJm�D8)���D:�MK:�a.J)G ��J)Gr�
��e

���



� h ¡���WZVK[ h W f���"�i�� v 
;i�� � "��Ki � �&"�d���"�f i,
 "�f;i�c2j � j�i � �$i�e&�=i � � f;i�c  � � j=i � �$i�e��=i � � f i�c  VXWZY=[ \
]Z]�� "�`9�7aKab��`4:�o4�Uq ��"CMK��G³�Q�rJ)G :4J�:4"k��J9M�J(:�64J(��G³`(`B8�"b�pMK:4`�64� �)`�� ���Ki��+8�`9`B�764G �9:4`�8��KH
G³�!:4lE`4u
� � ← � "��Ki � ��"�d���"�f;i � �	� iZi���
W��$¡7[ h �

←
� v �Ki�e�	Xf � 
O"�f i�c2j�� � vb� h W"Aetj=i��;i���
 � � � ���Ki,
W"�f;i�c2j � � ��� � "�f;i�c2j � � � �

� ��w�;i j����=f;g=f
←

� �
\ZvZwZ\ x�[;W w ¡�w i j�f / " � i=
 � � � � vb� h W�;i=f&"!�;i�� � g�, W �Ki�cbi�e;f�
 � � � � � "�f;i�c ��;i j.����f;g=f

←
g � � 
W"�f;i�c � � i j�����f g=f&�

� ��wh WX\ ¡7[ h wKW h �;i$j�����f;gKf
� ��w

© ° ²+\8[(­�±�_!· ` c o2´ ¹9kps w^� vfuZo�q&%3£ÅvfoEuZzEoOw^� sX}poErtql¦��½� �(shwfoOw � vfufo"�+�Xo�wfoO�fkpsh{�kpsX}(%

g(ey��{br��Z�XoB5;s�}(%�*®�ZsXkpoJz3�(q)-
wZoEq {(�t%�k���}psh{(uZq�wfoJrt�(ufsX�Zvf����}psX{bu�w � vfufoC�Z�hoSwZo��fkpsh{(kps�}(%Sk(%3�(�hsXq&%3oJ�3|�oEzvfufoO`��(o4�$:4"t69:�"t��"k��J9MK��" "@�9:�w � %E�D%ErtoEu�}pq�*®�+��klo45�e�1f}���mZ�ho3�(v��(�X�h{bv %OwZo�¨®���E{buCq�}���}ps�£Åvfo�-l¤
•
��%E}po�kprtsXuZo�kJqns^�����Z�Xo�oEq�}J|;sXwfot¤

Θ(1)
e

•
/=wfo3u�}ps��+o�kJ�½� %3��%3r�o3u�}l{(v�����zE�D%Or���5�shr��(�-¤

Θ(n)
e

•
/=ufq&%Ekpo�kJvfu�sX}poEr�wZ�(ufqJ�����Z�Xot¤

Θ(1)
e

•
,JoE}ps�kpoEkJ�/� %E�D%ErtoEuÅ}l�E¢Å�(u�}l�h�tzE�D%Or���5;sXr��(�Xo�wfo������+�Xot¤

Θ(n)
e

�Å{bsX}
n
�h���X{buf�bvfo3v;k�wfo����Hq&%1£ÅvfoEufz3o�¦H}nkpsho�k
*9"�f i�c2j=-�e������(�X�b{(kpsX}p�frto�wfo�}nkps�g1�ºqnoEk��(s�}��(�h{(kpqB1wZ�(ufqJ�XoO�ZsXkpo�z3�(qB1fwZo�zE{br��Z�XoB5;s�}(%

Θ(n2)
e

��ey��{br��Z�XoB5;s�}(%�*®�ZsXkpoJz3�(q)-
wZoEq {(�t%�k���}psh{(uZq�wfoJrt�(ufsX�Zvf����}psX{bu�w � vfufoC�Z�hoSwZo��fkpsh{(kps�}(%Sk(%3�(�hsXq&%3oJ�3|�oEzvfufoO`��(o4�$:4"t69:E��J(MK��"$"@�(:�w � %E�D%Erto3u�}pq�*®�+��kJo45�eD1f�hshq�}poOz��+� &�u %3o��E|�o3z��(�X�h{�z3��}psh{(u�w;¢;uZ�(r�s�£Åvfo�-l¤
•
��%E}po�kprtsXuZo�kJqns^�����Z�Xo�oEq�}J|;sXwfot¤

Θ(1)
e

•
/=wfo3u�}ps��+o�kJ�½� %3��%3r�o3u�}l{(v�����zE�D%Or���5�shr��(�-¤

Θ(1)
e

•
/=ufq&%Ekpo�kJvfu�sX}poEr�wZ�(ufqJ�����Z�Xot¤

Θ(n)
e

•
,JoE}ps�kpoEkJ�/� %E�D%ErtoEuÅ}l�E¢Å�(u�}l�h�tzE�D%Or���5;sXr��(�Xo�wfo������+�Xot¤

Θ(1)
e

�Å{bsX}
n
�h���X{buf�bvfo3v;k�wfo����Hq&%1£ÅvfoEufz3o�¦H}nkpsho�k
*9"�f i�c2j=-�e������(�X�b{(kpsX}p�frto�wfo�}nkps�g1�ºqnoEk��(s�}��(�h{(kpqB1wZ�(ufqJ�XoO�ZsXkpo�z3�(qB1fwZo�zE{br��Z�XoB5;s�}(%

Θ(n2)
e

��ey��{br��Z�XoB5;s�}(% *®�+s�kpo�z1�(q)-�wfo3q9{(�t%�k���}psh{bufq9wfo rt�(ufsX�Zvf����}psX{bu�w^� vfu �Z�Xo wfo��fkpsX{(kpsX}(% r�shqno oEu�{�oEv;|�kpo�3|�oEzOvZu}ln��"t69:(8���* F;:989a -l¤
•
��%E}po�kprtsXuZo�kJqns^�����Z�Xo�oEq�}J|;sXwfot¤

Θ(1)
e

•
/=wfo3u�}ps��+o�kJ�½� %3��%3r�o3u�}l{(v�����zE�D%Or���5�shr��(�-¤

Θ(1)
e

•
/=ufq&%Ekpo�kJvfu�sX}poEr�wZ�(ufqJ�����Z�Xot¤

Θ(lg n)
e

•
,JoE}ps�kpoEkJ�/� %E�D%ErtoEuÅ}l�E¢Å�(u�}l�h�tzE�D%Or���5;sXr��(�Xo�wfo������+�Xot¤

Θ(lg n)
e

�Å{bsX}
n
�h���X{buf�bvfo3v;k�wfo����Hq&%1£ÅvfoEufz3o�¦H}nkpsho�k
*9"�f i�c2j=-�e������(�X�b{(kpsX}p�frto�wfo�}nkps�g1�ºqnoEk��(s�}��(�h{(kpqB1wZ�(ufqJ�XoO�ZsXkpo�z3�(qB1fwZo�zE{br��Z�XoB5;s�}(%

Θ(n lg n)
e

��g


